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Applied Physics 215
Fall Term 1960

Instructors N, Bloembergen Office Hour, Pierce 231
Tuesday at noon or by appointment

The course will emphasize the physical aspects of fluctuation

phenomena, HMathematical concepts of probability theory will be

used without any attempt at rigor, A general background in

physics equivalent to Applied Physics 132 and 181 is prerequisite,

A mathematical background equivalent to App, Math,.lO5b is also required,
References

The mathematical theory of probability is treated in Math 109 and
Statistics 150, and in the following textbooks:

E, Parzen, Modern Probability Theory and Its Applications, Wiley, 1960,
W, Feller, Probability Theory and Its Applications, Wiley, 1950,

Applications to physical problems are discussed in the following
intermediate texts:

C. Kittel, Flements of Statistical Physics, Wiley.
R, L, Lindsay, Physical Statistics, Wiley,

A collection of a series of very important research review papers
is obtainable in an inexpensive Dover publication,

Noise and Stochastic Processes, edited by N, Wax,

Noise Problems in Electrical and Communication Engineering are
discussed in:

Lawson and Ublenbeck, Threshold Signals, M,I,T. Rad. Lab, Series, Vol, 24,
McGraw Hill, 1950,

Davenport and Root, Random Signals and Noise, Lincoln Laboratory
Series, Vol, 1, McGraw Hill, 1959,

D, Middleton, Introduction to Statistical Communication Theory
(comprehensive theoretical), McGraw Hill, 1960.

A, van der Ziel, Noise, (experimental circuits), Prentice Hall,



Fluctuations in the quantized electromagnetic field are discussed in:
Smith, Jones and Chasmar, Detection and Measurement of Infrared
Radiation, Oxford University Prescs,

Tentative Course Outline

Elementary Probability 5 lectures
Definitions, sarple space, random cvent, joint and conditional
probabilities, statistical indepen<ence, fluctuation in number
of particles, linear random walk, Pcisson distribution,
Bernouilli trials,

Random Variables 4 lectures
Distributien fuacticns, averages, moments, characteristic
functionz, multivariate Gaussian distributicn, Maxwell-
Boltzmann statistice,

Time~dependent Random Processes 4 lectures

Time averags, stationary processes, avto~ and cross~correlation,
spectral density, Wiener-khintchin theorem,

Shot Noise 3 lectures

The method of Rice; noise in electron tubes and photocells,

Hour Examination

Brownian Motion and Thermal Noise 6 lectures
Diffusion Equation, The method of Fokker-~Planck, Brownian
Motion of a free particle and in a field of force, Thermal
noise in electrical circuits, Galvanometer with electrical
and mechanical damping,

Noise figure and noise temperature, excess noise 2 lectures

Noise in non~linear circuits; the quadratic detector 2 lectures

Fluctuations in Thermcdynamic Quantities 2 lectures

Fluctuations in the radiation field, waves
and quanta, thermal detectors 5 lectures
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Applied Physics 215
Problem Set 1
Due October 18, 1960

Consider a box containing 5 balls, three white and two
black,
a. '"hat is the probability of drawing a white ball
first, then a black ball?
be What 1s the probability of drawing a black ball
on a second draw without knowing the color of
the first ball taken oute

Consider a family with 4 children, and assume that each
child has probability 0.51 of being a boy. Find the
conditional probablility that all the children will be

boys, given that a) the eldest child 1s a boy b) at least
one of the children is a boy.

Consider the diagram. Each of the a b
five 1links can be either open or 1 \\\\\\\2
closed. If the probability of each c :
link beilng closed is 1/2, what is the 3
probability that 1 and 2 are connected? e
Consider the diagram. EFach link can be 3

closed with a probability p, all links "

belng independent. “hat is the proba- a//// b
bility that the three terminals are ) .
connected. What would the probability 1/ \\2

be if a and b are closed with proEability c
p and ¢ closed with probability p~?

Six persons are to meet in the restaurant of a hotel.,

The hotel has however three equally attractive restaurants.
""hat is the probabillity that three persons are waiting in
one restaurant, two in enother and one in the third?

The probability to make a step forward of length L is
p; the probability to make a step backward of length
1l is g = 1~p. “hat 1s the average displacement and
varlance after N steps?
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Appllied Phyvsics 215
Problem Set 2

Due Wovember 1, 190
The Maxwell-Boltzmann distribution over space coordinates
is given by exp [ ~V(x,y,2)/1T|, where V is the potential
energy.
Whet 1is the average votential energy of a linear harmonic
oscillator?

What 1s the averags total (potential and kinetic) energy

of & thres-dimensional hsrmonic oscillator?

Two pendula are connected by a soring to represent two

coupled harmonic oscillators,

jav]

- 3 2
V(xl,xz) = 34 %)

1, 2 1
p 50 T 45 A (%) - x,)

2
Whet is the average potential ensrgy if the system is

suspended in a gas at temperature T?

Let x and y be statistically independent random variables
with the probability density functions

2
Y eXpé—'-;L) for y -0

1
p(x) = ———— and p(y)
( 0 for y- O

TVl - x
Show that thelr product has a gaussian probability

density function.

The random variable x has an exwonential probability
density functilon

p(x) = a exp(-2a;x')
ae+ Determine the mean and variance of X.

b« Determine the nth moment of x.



11, Let X15 Xps X3, and X be real random variables with a gaussian joint
probability density function; and let their means all be zero, If E

denotes statistical average, show that
E(x1x2x3x4) = E(xixz)E(x3x4) + E{xlxs}E(x3x4) + E(xlx4)E(x2x3)

12, Let x(t) be a sample function of a stationary real gaussian random

process with a zero mean, Let a new random process be defined with the

sample functions
y(t) = x2(t)

Show that
2 2
Ry(’l’) = R “(0) + 2R “(7)

13, Conpider the random process defined by the sample functions
y(t) = a ces (t +g)
where a and @ are statistically independent random variables and where

1l
=  for 05 g <2x
p(g) = |

0 otherwise

a, Derive an expression for the autocorrelation function of this process,

b. Show that E(yt) ={y(t)>
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Applied Physics 215
Problem Set ITII
Due November 15, 1860
In each interval?fa & voltage can assume one of the values
+l, 0o or ~1 with equal probability of %-. What are the corre-

lation function and spectral density for thls random voltage

signal, which can change only at times n‘fa.

Iet a reandom process have sample functions

v(t) = x(t) cos (abt + 8)
where wy 1s a constant, € 1s a random variable uniformly
distributed over the interval 0 £ 8 < 2w, and x(t) is a wide-
sense stationary random process which is independent of 8.
Show that the y(t) process is wlde-sense stationary and deter-
mine its autocorrelation function and spectral density In terms

of those for x(t)o

Let y(t) be as given in 15. Let |

w(t) = x(t) cos [(“b + 6)t + e]
This represents y(t) heterodyned up in frequency by an amount 0.
Show that w(t) is wide-sense stationary and find its auto-
correlation function and spectral density in terms of those
for x(t).. Show that the cross-correlations between y(t) and
w(t) are not stationary, and show that y(t) + w(t) 1s not wide-
sense stationary. Show that 1f the heterodyning is done with
rendom phase, l.e.,

w(t) = z(t) cos ((wo + 8)t + 6 + 9'1

where 6! is uniformly distributed over 0 = 6! < 27 and is
independent of © and x(t), then y(t) + w(t) 1s wide-sense

stationarye.



17«

18.

Applied Physics 215
Problem Set III
Page 2

Prove explicitly that the shot nolse spectral density in =
temperature llmited plane parallel diode with transit time
T a is gilven by

bel, [ 2 ' i
G(f) = ~~—————14|(2ﬁf?‘) +2 -2 cos(2nf7 )=~ 4nf7’sin(2ﬂf7’)J

. | e a a a

(BﬂfTa) L

A photocurrent iph is amplified by conssecutive secondary
emission stages. In each stage the average multiplication is
; with a mean square deviatlon Z;go What i1s the shot noise
fluctuation in the amplified photocurrent after n stages.

By how much does the amplification process increase the relative

fluctuations in the photocurrent in the limit n>> 1,



Applied Physics 215

Problem Set .4, due December 13, 1960

19, Two squal resistors at temperatures ’I'l and Tz respectively,
are connected by & matched lossiess transmission line, which
has a rectangular passband of 1C000 cps, widthe Calculate
the nat power transfer In wgtts. |
I7 the heat capacity of each resistor is 0.1 cal/degree, how

rapidly is thermal equllibrium reached?

20y Consider an RC circuit: What 1s the time-auto-correlation
function for the voltage across the capacltance? I8 there
a cross-correlation between the current in the circult and

the voltage across C?

21 Consider the two-mesh circult of the diagram, where all

resistors are at the same temperature T,

120?
v y
', i,
é

Ry

Express the mean square fluctuations of 1. and i, in terms

1 2
of integrals of the power spectral density.

Are the fluctuations of 11 and 12

Discuss the two limiting cases R—>0, and Rl = Rz———>0.

statistically independent?



Problem Set 4 Applled Physics 215 Page 2

22 e

234

24 .

A temperature limited diode has a saturation current 1a°
A parallel RIC combination connects the cathode with the
plate via & battery. Calculate the voltage fluctuations
acro3s the RIC comblnaticn, 1f the temperature of the

resistance i3 Te.

A dlode operates in the exponential region with a retarding
potential at the plate. In this region the current in the

dilode is given by

i = 1aexp(—eVa/kT )

cat,

The diode current passes through a resistance R at temperature

T Calculate the voltage fluctuations across the diode Ava.

RG
Express the result in terms of the dynamic internal

resistance Ry, = 7 Va/é?i.

A signal source is connected via a lossy transmission line
(attenuation L) at temperature T to an amplifier with

an effective nolse temperature Te That 1s the effectlve

£f°
nolse temperature at the source end of the transmission line?
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Applied Physics 215
Problem Set 5, due January 10th, 1961

Consider spherical particles of aluminum suspsnded in a colum of
water 10 cm high. Give the order of magnitude of the radius of
aluminum particles, at which they would remain suspended indefi-
nitelys If the radius of the particles is 1074 cm, at what
initial rate wlll sedimentation proceed from a homogeneous
suspension? The density of aluminum 1s 2.7 and the viscosity of
water at 25° ¢ 0.9.

2/
Consider a critically damped RIC-series combination, R = 2(L/C).
Calculate the auto-correlation functlon of the thermal noise
currente Also calculate the cross-correlation function
between the current and the voltage across C.

An intrinsic semiconductor has a palr creation rate <f

and an average number of electron-hole pairs n, per it volume.
Calculate the spectral density of the current shot noise in

a piece of cross section A and length 57 .

Consider the "hard-~-collision™ model of a mecnatomic gas. Thils
means that regardless of the initlal veloclty of the atom the
velocity after a collision is distributed according to the
Maxwell-Boltzmann distribution, Let F, =vaidti be the
impulse during the 1th collislon. Calculate the correlation
function FIFE for two consecutive impulses, and also for the
case that the collisions are not consecutive.

Let x(t) be a sample function of a stationary narmw~band real
gaussian random process. Consider a new random process defined
with the sample functions

y(t) = x(t) cos u%t



30,

-2-

where f = wo/zﬂ 1s small compared to the center frequency
fc of the original prccess, but large compared to the spectral
width of the orlginal process. If we wrlte

xlt) = V(t)cos tu%t + ¢(t)}

then we may define

yL(t) ='-2 co8s [(u% - ub)t + ¢(t)}

to be the sample functions of the '"lower sideband'" of the new
process, and

yU(t) = Zé;l cos [(“ﬁ + wb)t + ¢(t)]

to be the sample functions of the "upper sideband" of the new
processe

a¢ Show that the upper and lower sideband random processes
are each stationary random processes even though their
sum is nonstationary.

bes Show that the upper and lower sideband random processes
are not statistically independent.

Let Vt be the envelope of a stationary narrow-band real gausslan
random process, Show that

B(v,) = (§)M% o,

and
I 2

52(vt) =2 ~3)o,

where G'XZ 1s the variance of the gaussian random processe
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Sl

Consider a synchronous or phase-sensitive detector consisting
of a local oscillator, mixer and low-pass filter.
The input signal is .8 cosw te.

The input noise has a spectral density A in the interval

B B

fo -3 <f {f, * 5 and vanishes outside this band.

The local osclllator output is L cosubt,

The output of the mixer 1s given by the product L cosabt x input-
Calculate the signal to noise ratio at the output of the low-
pass filter. Make a comparison with the square-law detector.
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Applied Physics 215
Hour Examination

Movember 17, 1960

(a) Two random variable x and y have zero means and equal variances o
They have a correlation coefficient ¢ = 0,7, Calculate the
variance of their difference.,

(b) Two indeperdent Caussian random variables x and y have variances

§and T~ respectively, Calculate the joint moment Ly ",

A photo-multiplier tube counts incident light quanta at an average
rate of one count per second, When counting is started at t = 0, what
is the probability that the third count will occur after exactly 1
gecond? and after 3 seconds? and after 10 seconds?

A periodic voltage V(t) = asin(wt + @) has a constant amplitude, but a
random phase @, which is uniformly distributéd in the interval O = 2x.
Calculate 2rd sketch the probability density function f£(V) of the

voltage at an arbitrary time,
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Applied Physics 215
Final Examination

January, 1961

1. Define briefly and give one physical example of each of the following
a) Non-stationary random process
b) Narrow-band gaussian random process
c) A non-gaussian stationary process
d) 4 two-dimensional Markoff process

e) A non-Markoffian process
2. Describe all stochastic processes that may occur in a thermionic tetrode,
Answer three out of the following four problems

3. Consider two RL circuits, coupled by a mutual inductance M, as shown in

the diagram, Both resistors are at the temperature T,

A O0— —0 A
v MP L

1 B L = R, %
v [~ 7.y v

Derive an_expression for the cross~correlation function of the noise voltages

V

1 and V2'

4, A radioactive source has exactly No radioactive nuclei at t = 0, The
half life of the source is 10 seconds, Calculate the mean square deviation
in the number of radioactive nuclei in an ensemble of such sources, as a

function of time, At what time does ANZ reach a maxdirum?

(OVER)



Applied Physics 215 page 2
Final Examination

5. Consider a random walk in two dimensions with steps of length £, The
steps are in the direction of the positive or negative x-axis, or along
the diagonal making an angle @ of 45° or 225° with the positive x-axis.
These four directions have equal a priori probability, Calculate the
distribution in direction # after a large number of steps when the
random walk started at the origin, What is the most probasle direction

in which to observe the random walker?

6. A very long, lossless transmission line is terminated at both ends by
a matched resistance R, The temperature of the resistors are T and
T + AT respectively, If the transmission line transmits all frequencies,
calculate the heat conduction between the two resistors, What is the
spectral density of the temperature fluctuations of each resistor when its

heat capacity is cv?

The use of one sheet with formmlae is allowed.
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