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APPLIED MATHEMATICS 202

Problem Set 1 Spring Term 1961

1)

An inextensible cord of length L and mass per unit length p 1s
suspended from a fixed point. Deduce the equations governing the
lateral oscillations of the cord,

Derive the differential equation which impliies the conservation of
mass of a compressible fluid whose density is p(xi,t) and whose
velocity field is ui(xi,t),

In certain situations heat is transferred in a fluid by conduction
and by convection, If the conductive heat flux vector (heat flow
through the fluid per unit area per unit time) is given by

3‘= -k grad T and if the heat capacity per unit mass of the fluid

is C, find the equation implying the conservation of heat in three-
dimensional time dependent phenomena,

Let the depth of a basin of an incompressible 1liquid at rest be given
by h(x,y); see Figure, Assume that vertical accelerations are
negligible in any motion to be considered and that the x and Yy
components of velocity are independent of 2 , the vertical coordinate,
Denoting the change in surface elevation by *(x,y,t), deduce the
eduations which imply the conservation of mass and momentum for wave
motion in the basin,
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APPLIED WATHEMATICS 202 (Cont'd) Problem Set 1

5)

6)

7)

Starting from the eQuations derived in the first lecture and

considering only motions for which U,y Yy

to unity, derive a single partial differential ecquation governing

are vary small compared

the small amplitude lateral oscillations of an elastic string,

Starting from the momentum conservation equation derived in the

second lecture, the results of problem (2), and the thermodynamic

rule p/p° = (p/bo)Y, and considering motions for which the changes

in p , the changes in p , and the velocity components are very small
compared to p_, p  , and the "speed of sound," ¥y po/bo, respectively,
deduce a single differential equation for the changes in p associated
with small amplitude motions in a compressible fluid, In the fore-
going, Py and p, are the constant values of p and p which
characterize the motionless condition of the fluid,

Using the results of Problem (L), deduce the equation governing
n(x,y,t) for motions wherein ﬂx and ﬂy are each very small
compared to unity,
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APPLIED MATHEMATICS 202

PROBLEM SET NO, 2 Spring 1961

(1) Find the eigenfunctions, un(x), associated with the problem

oo = U = O, in O < x< a ; t >0,

uwﬁ)=%@¢)+au@ﬁ)=0

u(x,0) = f£(x)

and establish the completeness and orthogonality of these un(x) .

(2) Repeat question (1) for the problem

U, - X u
XX t

U.(O,t) = U_(L,t) =0

=0 in 0<«<x<L, O0<t ,

u(x,0) = £(x) .

(3) Let 2
u ¥ gy = e sin x
in O<x<n, =Lcy<l

with u(0,y) = uln,y) =0

u(x,~L) = u(x,L) =0

(a) Pind u(x,y) in the form, u = E:gn(y) un(x) where un(x)
are suitably chosen eigenfunctions,

(b) Wny is this choice of representation superior to that in
which the gn(y) are determined by eigenfunction considera-

tions?






(3)

(L)

(5)

(6)

APPLIED MATHEMATTCS 202 (Cont'd) =2

Cont *d
2
(¢) What modification occurs if e sin x is replaced by
2
e ¥ 9

(d) Vhat modification occurs if the boundary condition at x = g

is replaced by
u (m,y) +aulmy) =0 2

(e) What is wu(x,t) if the boundary conditions at y =- L , L

are replaced Ly
u(x,-L) = uy(x,—L) =0 7

Work out the detailed answers for (a), (c), (e) but not for (d),

A solid cylinder of length L , radius a , and thermal
diffusivity v , is iasulated at its ends and Zs initvially at the
uniform temperature To » At its surface heat is lcst to an
adjacent medium in such a way that 3T/dr +k T =0 at r =a ,
Find the relevant eigenfunctions, the criterion for the determina~
tion of the eigenvalues, the formula for any needed coefficients,

and the product series which represents T(r,t) .

Find the eigenmode of cscillation for small displacerments of the
hanging cord problem of Problem Set No,1l, Sketch the spatial
dependence of the first three such modes,

A membrane, with tension T , has edges which lie on 8 = /10,
8 = 3n/10, r =a , Find the frequency of the two lowest
frequency eigenmodes, Indicate the shape of the membrane in

the lowest eigenmocse.
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APPLIED IM(THEWATICS 202 (Cont'd) =3

An elastic bar of length L 1is so attached to a rigid frame

that its ends can undergo no displacement, Since the ends are
free Yo turn, the curvature of the bar's center line is zero at
the end peints, The bar is under a compressive force, P , and

its small lateral displacement, u , is governed by the equation

K u +Puxx+Rutt=o’
where the positive quantities K and R depend on the cross
section and properties of the rod, For a given rod, what is

the criterion that the straight coxfigurabtion be not unstable?
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APPLIED MATHEMATICS 202

Problem Set No,3 Spring 1961

1, Fluid issues at. speed u, from either side of an lnsulating

plate as shown in Figure 1,

'y
—> |

The thermal diffusivity of the fluid is v , the temperature

of the upper fluid at x =0 is T1 ; and that of the lower fluid

at x =0 is T2 R

Assuming that the density and velocities stay constant, find

T(x,y) in x>0,
2, Find the solution of
2
Iex * Pyy ~ K P = O(x,)
2 4
such that §—» 0 as x° +y—> 0

Put your result in the form f(x,y) = II K(x,x!,y,y') G(x',y')dx'dy!’
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Applied Mathematics 202 (Cont'c) P
Spring 1961

3.

A gas, whose sound speed is c¢ moves horizcntally at speed U
past the boundary y = 0, The strip neminally lying in
O<x<a, y=0 moves vertically with the rigid body motion

it
y = yb et® sy Where o yb << cC,

Show that the small disturbances propagated into tie stream obey

the equation
2g- & +ud)ifgeo
2 ot ox
where u; = #,i
(a) Find @ for the experiment described zbove. for
the case u/c < 1 , and discuss the phenomenon,

(b) Find @ for the case u/c > 1, and discuss the

phenomenon,
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APPLIED MATHEMATICS 202

Problem Set No, L April 1961

1, Classify each of the following systems of differential

equations (i,e, is it elliptic, mnarabolic, ,.,,.?)

(a) (pu)x +p, =0

pu, +pun_ + (o), = 0 3

where p , u, are tho unknown functions and the

real constant v 1s greatexr than unity,

(b) (pu) . = 0
+ 4

Y =
Y U—j ui,j + (p ),i 0

where 1 -and J§ take on the values 1, 2, and 3;

p and the wu, are the unknown functions; and + is

i
again a real constant greater than unity.,

(0] o4g,0 " Bayee

= €
Tig = W egy M e By

e

1
£i4 = ?<ui,j + uj,i)

where u and M\ are positive constants,

2, Find the real characteristics of those foregoing equation
systems which possess such real characteristics, and find
for 1(@) +the form these equations take when the characteristic

variables replace the coordinates as independent variables,
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HARVARD UNIVERSITY

APPLIFD MATHFMATICS 202

Final Examination May 24, 1961

fe (a) Find the eigenvalues and eigenfunctions of:

wr ko n(R) i me0ay - B0 T Xl

u(1l) = u(kb)

0

(b) Demonstrate the orthogonality of the eigenfunctions of:

Fox) ut(x)]" + q(x) u(x) + \ a(x) ulx) = 0
u(a) = u'(b) =0

P, 94, and a are continuous, one-signed functions of x ,

2 =
e e (7 +1) u_ O. in 0< y< o
5 -0 < X< o
ax

®
2 . 2
Find u(x,y). Note that r B S0 bo" do =x@; eb /ba
™

and u(x,0) = e

35 One end of an inextensional cord of length 1 and mass per unit

length m is connected to a rigid support. A mass M hangs at

the other end,

(a) Formulate the boundary value
probler 1issociated with the small
amplituue lateral oscillations of

the cord and mass,

(Cont,'d on next page)
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APPLIED MATHEMATICS 202

3. (Cont'd)

(b) Give the quantitative description of the oscillation which
ensues when the motion is initiated by giving an initial
displacement

wn o) = 1723 0<x< L/
ulx;0) =1 < x/li=3 Ljg <x=k,
and an initial velocity
ut(x,O) =0 0= x < E-
Any number defined by messy integral or transcendental equations

need not be evaluated beyond the specification of such definitions,

4, Classify the equation system

and find any characteristic curves it possesses,

5. (a) Deduce the Green's function associated with the problem

Au-Ku = f(x,¥,2) in the infinite domain,

with uw—=> 0 as x2+y2+z2—-; 0 4

(b) Wnhat is the Green's function when the same equation holds in
0<x< o, O<y<wmo , - <2< ®

and “wl0,7,2) =0, uy(x,o,z) a0 7
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APPLIED MATHEMATICS 202

6, Find one of the eigenfunctions, u(x,e), and eigenvalues, \(e) , of

um (x) + A (1 +ecos 2x) ux) =0
u(O,e) = u(rr,e) =0

when 0 < € << 1 ,
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