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Summary of Special Relativity

Special relativity deals with the equivalence of inertial
systems of reference - all rectangular coordinates, all in uniform
translational motion relative to each other., General relativity deals
with equivalence of more general systems of reference - curvi-linear
coordinates, acecelerated and rotational motions.

. Newton's equations hold for inertial systems without the use of
'"fictitious forces”’., The "fictitious forces’ are of the same type as
gravitational forces - proportional to mass. General relativity has
a main feature the theory of gravitation,

For two protons
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Thils gives some grounds for repgarding gravitation as unimportant in
miecroscopic phenomena, and supposing that the difficultics of exist-
ing quantum theories should be solved in special relativity,

We shall not discuss exXperiments., From The Michelson-Morley
experiment and for other reasons, Einstein in 1905 set up his two
principles of special relativity:

I, All equations of physics must take the same form
in all inertial systems,

II. The gpeed of light in free space is the same for all
observers working in inertial systems, and is independent
of the motion of the source.

I is the relativity principle, II serves to exclude "emission
theorics”, in which the speed of light is affected by the motion of
the source; such ideas are execluded by astronomical evidence,

Consider two obsecrvers in uniform relative motion., As they pass,
le¥ a spark be struck between them, At fvture times, each will find
that he is always at the center of the spuherlcal wave-Toont (whose
passage across various noints of space may be revealed by scattering
from various small obstacles.) This result cannot be reconciled with
our traditional ideas of space, time, and simultaneity., Indeed, the
explanation
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1s found to be that the two observers do not agree about simultaneity.
If A announces that he saw the wave pass simultaneously across
HBY ge-g'n_e, 2ll distant r from A, then B, who receiveg_the message

=7
at B' and who (as observed by A) was at B" at the time ﬁﬁaiﬁ earlier

when the alleged simultaneous passage occurred, will agree that all
the reficcted rays rcached A at once, but deny that the reflections
from cxpP ¢ (B were simultaneous: he will say that the passages

across Xy § occurred carlier than those across € { ™A, but that A
went to meet the reflected rays from the latter and ran from those

from the former.

The changes in ideas of swvace, time, and simultaneity mean
changes in the transformation equations relating A's variables
(%,¥,2,¢) and B's varicbles (x', y', z', t'), The traditional Galilei
transformation, o

X' =x-vt, y' =y, z' =132z, €'=t (1)

must be modified accordingly. The key fact in determining the new
form is that the two equations

xP4+y24zZ-c®t® = 0
x84y tEiz1f g2 2 0 (2)

which express the fact that each observer finds himself always at the
center of the spherical wave-front, must each be a ccnsequence of the
other, Together with simple requirements —linearity of %he equations
(homogeneity of space and time), and obtainability of inverse trans-
formation by replacing v by -v-- (2) leads by an algebraic argument to
the Lorentz transformation

Z-vi . ) ' t=(v/c®)x
—_——— , ¥ =Yy Z = Z t = — (3)
Vi-v2/c? ’ ’ V1-vZ/c?

(1) and (3) are of course not the most general transformations
possible in the two theories., They are specialized by choice of
origin, of relative orientation of space aiies, and of direction of
relative velocity. To get the most general transformation we must
use first a space rotation, to get the x-axzils alcng v, then (1) or
(3), then another space rotation, and also at some stage the addition
of constants to shift the origin, The shift of origin is so trivial
that it is almost always ignored, The combining of all these opera-
tions into a single set of equations is comparatively simple in non-
relativity theory, using (1), but is a nasty job with (3).

X' =

We omit special arguments about Lorentz-contraction, time-dila-
tion, etec; they can be made either from (3) or from arguments about
the way A and B conduct their measurements, using light as a means of
signaling to their assistants who ride the respective frames, We
mention only that (3) implies v{c, and that i1t has to be assumed that
no relative velocity as observed by one of the objects in question,
and also no signal velocity, can exceed the value c, Indeed, the
disagrecments about simultaneity which are basic in the theory would
be impossible if infinitely rapid signalling were possible,

If we write as variables
Xy Ko, X}: XL|_ = ict, (’-f-)



then (3) takes the form

X' =X, cos B + Xy sin 6, xa' = X2, x;' = h3

x4' = X) cos € - X1 sin 6, with (5)

cos 6 = ___é:_— ; 81n 8 =1 ————V-Lg‘— (6)
y1-v"/c® JI-vE/eE

This 1s Juzt the formal expression for a rctation in the Xp-X) plane
of a dlmbpi 1on 1 Euclidean space, but the angle used is imaginary
(6 = 1 tanh + v/c)

Sucit retations leave the square of a 4-dimensionzl interval

s% = x% + x

-
T

2 + 2

2 XB (7)
invariant. Thus using the notation (L), the general Lorentz trans-
formation is Jjust the orthogonal transformation
N -
TN e TV (8)
with the coefficients subject to the orthogonality conditions,
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with the reality conditions:
2.y = PUrC real, jo £k £/
8.y = pure imaginary, = 4 ;é\/or-/;,(;é § =/ (10)
ay) = pure real positive

The requirement a44) O restricts us to transformations which do not

reverse the time-coordinate, The matrix a, ) is orthogonal, not
unitary. M
The second equation in (9) is not independent of the first, and

the first allows arbitrary cholce of Jjust six of the %P- That the
general Lorentz transformation has six parameters can be seen in
Three ways:

Algebraically, six gf*v}determine the rest
Geometrically, choose angle of rotation in each of six planes,

Physically: Direction and magnitude of v: 3 6
Relative orientation of space- fram s: 3

Most of the relativistic technique used in practice, both in
classical and quantum theories, is concerned with the recognition and
use of vector and tensor cuantities, In the general case it is
necessary to distinguish two kinds of vectors:

A contravariant wector ¥* transforms like the coordinate-differ-

entials dax/* .

A covarlant vector B transforms in such a way that the sum

< B,dx** is invariant. Any physical vector quantity can be repre-
sgnted by either kind of vector, or in other ways, It may be
remarked that in many three-dimensional calculations in the
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literature physical vector quantities in curvilinear coordinates are
presented by components which satisfy neither definition, — In
consequence of the defin.tion,

o »'B = invariant. (10")

4 AN
To form an invariant in this way, covariant components must be used
for one vector, contravariant for the other, The summation-sign is
often omitted, it being a commonly used convention that all repeated
indices are summation-indices or ‘dummies” unless the contrary is
stated explicitly,

Comparison of (10) with the invariant expression (7) illustrates
the fact that in a Euclidean space, with rectangular coordinates,
there is no distinction between covariant and contravariant vectors.
This 1s the great usefulness of the choice of notation (4), and out-
weighs the strangeness of having one ccmponent take imaginary values,
It makes it possible to dispense with superscript indices; otherwisec
we ought from the start to have written x/° .

It may be mentioned that the nptation x', xZ, X36 x° = ¢t is also

in fairly common use — sometimes x7 1s written for x“, alas! — Then
X = -ct, and in general indices can be raised and lowered freely,

wfth a change of sign whenever a o is raised or lowered, We shall
stick to (4%). — In general relativity the distinction is non-trivial,

Tensor components transform like products of vector components.
Tensors can have ocontravariant or covariant behavior with regard to
each index, but by (4) and (7) we need not consider this.

New vector or tensor quantities can be formed in three ways:
(a) Contraction, by such generalizations of (10) as

A Ty = Oy

(11)
e

and so on
Here we have not worried about upper indices, but have used the
summation convention, A very common vector with which contraction

occurs is gé— ; we get equationg like

I
Q. -
éxu_APL B (12)
J
g S
3 AV J

-
This is called the four-dimensional divergence,
(b) Outer multiplication, as in

A C =D
;“’B Voo e (13)
e T U~

The latter of these equations gives the four-dimensional gradient,

(c) Differcntiation by a world-scalar (also multiplication,
which is trivial). The important scalar here is the proper time of




a moving particle, defined by

2 2 - 2
a7 = ar% - XAV + dT 48T . g42 (1-87) (14)

c?

2

c

(Here B means the speed of the particle divided by c¢), In the case
of a particle moving uniformly or with negligible acceleration, t is
the time measured by a clock carried with the particle; in any case,
dt is the infinitesimal time-interval measured in a reference frame
in which the particle is momentarily at rest, That dtv> dt is called
the "time-dilatation", The observational case par excellence is the

halr-life of muon dccay, — We have equations like
dA
= B
dt Vs
1
AF ) ' (15)

A =(%_J, and so on,

The antisymmetric tensors are important, An antisymmetric
tensor of the second rank satisfies

H [

i[‘—‘)n-u‘ Fl}/f"‘
It has six indenendent non-vanishing components, and 1s sometimes
called a "six-vector'’; a vector A is called a "four-vector’, The
property of antisymmetry is preserved on transformation:

(16)

= Augiue Fpo = Gug? onlEpg) = Tl (17)

)

!
29¢

An antisymmetric fensor of the third rank,

Brvn = By = AU = hop = Augl = Aps (18)
has four independent components, A completely antisymmetric tensor
of the fourth rank has only one, By arguments like (17) we can show
that the antisymmetry of these two kinds of tensor is preserved on
transformation., For the fourth rank,

Biohe = X Byo3y (19)

7
The sign is + if pVono— 1s an even permutation of 1234, - it it is
odd, The numerical value of the single component changes at most
its 8ign on transformation:

Fozh = 710250 0 Ay oo = Arozn T 1,520 307 40"

Perm
Aromy Dot (8 0)) = £ Aypmy (20)

The last step is based on the fact that by (8) the transposed matrix
of Haju {!13 its reciprocal, so that Det (a nJ) is a square root of
unity, Slnce ay) > 0, any transformation with Det (‘ftg) = -1 can be

regardcd as the product of one with Det (a,.,J) = 1 and one with
)*y}— 28 %r°4d = 1: This latfter is the 1nvﬁ}s1on of the space



-6-

coordinates — change from right--handed to left-handed system, The
single independent element A1234 has the properties of a pseudoscalar
— 1t is invariant excepv forbr change of sign on inversgion.

xB¥S be anti-symmetric,

Then 1if A,, .y is antisymietric, multiplication and contraction gives
a vector,rg 6R}L¥%éffdo' Thus by setting

Letﬁ1234 = 1 for right~handed system, and ¢

¥* 3
Ay A

*
3 = Ayqpr Ay = Byzp (21)

*

3142
we get a quantity which behaves like a vector except for an added
change of sign on inversion, A is the dual of A , ). and is an
axial vector. S

Also from an antisymmetric tensor F},J we get another,
1 3 m
5 €kyLWb EJP’ so that by setting

¥* * o * 3%
F12 = %‘5L|_y F23 = Fl)_:.J FB_L = Fz)_‘_’ Fl)_l_ = FQBJ F2L|_ =

W

F31J FB)_I_ = Fl?. (22)

we get as dual of F ) an Ff jwhich has all the transformation prop-
o

erties of a six-vector except for wrong behavior on inversion, To
write (21) and (22) we make the subscripts always even permutations
of 1234,

To get equations of physics in relativistic form, use is made of
the fact that equations which equate tensors of the same kind arec
automatically covariant, The equations of electromagnetism (in free
space) are left essentially unchanged, the burden being thrown on
transformation properties; thus our electrodynamics is good in rela-
tivity even if we learned it while innocent of relativity. DMechanics,
however, is distinctly changed.

Llectrodynamics:

Charge and current four-vector:

s, = jx/c, S = Jy/c, S5 = jz/c, 5 = 1p (23)

Potentials:

By = Ays g = Ays ¢3 = AZ’ ﬁl;. = iy (2%)

Fields:

Foy = Hys Fyp = Hy, Fiz = H, (25)

Fiyp = 1B, Iy, = iEy’ F43 = 1E, (ﬁy’d B _Eﬂf“)

Rela’cio\n;: Yy '\ ﬁ’ = curl :’?

SRy :=§ff— - );UT | = 1 éé? - (26)
R AR S o,
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The field-tensor is the four-dimensional curl of the four-
potential,

Maxwell'!s equations:

dF ) (curl I?-}-;)f:&lr_fl
T-;cf‘;- = Urs c 3t ¢ ( (27)
SV e div E = Uyo
/ = . 1 af /
3 curl E + == =0
T \ U ) (28)
éx»} B < divH =0
Mechanics:
Four-velocity:
dx:, QA ic
U ==<%: (U, Uz, Uy) = ——=————, U, = —= (29)
d~ 3 4 5
This satisfies the identity
U, W = -c? (30)
{inetic energy - momentum Iour-vector
m7 ime Ek"n
= ey _ 1
o, Sf_l_—'éé yEwl (Prsps 1 —5—) (51)

(3

- 1-6%
that T, = me®/y/ 1-B% oppears a bit later,

Here m is the rest-mass, the relativistic mass. The proof

By analogy with non-relativity theory, we should expect to set

d

I= nu = %k“’ (32)
where K,;,. is a four-vector whose first three components:'are the force
on the'éarticle. Here comes in a limitation due to (30), namely

K u,=0
If we choose I : % u for X , (33) is satisfied because of the
antisymmetry of F , and by (25) and (29) we have

.}’\'\) o [l _}“\ \—5
f( T ’ v by . eV
ey B4 | Ixhy i (cE3)
(Kls K2, K3) = = ) K-)_{_ S —— (34)

Apart from the factoryij—il which would be removed in getting %?
rather than %; on the left side of (32), these expressions just
represent the rates of increass}of_mpmeﬁfum and % times energy,
caused by the Lorentz force, ek + L% X H-X . Accordingly,

N

a e
& e =5 B uy (35)
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gives the Newtonian equations of motion for a charged particle in an
electromagnetic Tield,
These equations can be derived from the variation principle

-T2

1 e =
éng% (3 m%ﬁ”%?’ +Z g»—%v-) dt = 0 (36)
1

X

by varying the ff‘(u means §~). The Euler-Lagrange equations are

)L dt

d (3L &L _ d e e3P
3 Su. 8%, = d Mt g ) - Sy WS
d ’ e AP hﬁ' ] r '

= S = - = hi

=3z M+ 2 55 “fv) uy = 0, which is (35).

The generalized moments are
AL e

P L =§u = ma, +'€¢A, (37)
J i J

The integral corresponding to the integral of energy is provided by
(30), and can be written

S (b -2 B )? = - m2e2, (38)
- A -
_)J\_ / ,

The equations of motion can also be derived from a non-rela-
tivistic appearing variation principle using t as variable of in-
tepration (in a chosen coordinate system):

T2 -T2
Pl

’ / J 2 2o
2 ~ / v 2 e
L dat = - l - — me< - e + = (Av dv
d f‘cl élj'rl ( ‘/ 2 4 c ( )J

n
O

\ c

Proof omitted; x, y, z are varied, and v_ = X, etc, The generalized

3L AL DL

b 5
mome
nta §5- 3v.0 3V,
oL y *%

agree with pi, p=2, D and H =} » q - L
1

equals ~icpy. Thus p is the total energy-momentum vector, and mgfh
is the kinetic energy-momentum vector,

On the idea that not all forces are necessarily due to an
electromagnetic field, we might want to try some other expression

for X,, , such as, say, - 3V , Where V is a world-scalar., But this
A IX.

canr.ct egree with (33) for arbiltrary initial U unless V = const,

Then we would like Ky, Kz, K3 to agree approximately with - gg;, at

least for v<<c and V «<mc2, It turns out that the only simpfg'way

is to set

Kyp =~y - — 3= (W ) (40)
pA



(m + —)

u — (41)
c? /k é}-«.

We shall not bother to give a variation principle, The electric and
non-electric %Pjs could both be present at once, of course,

Then (32) becomes
a_
dv

fe have had to admit much physics — discussions of transforma-
tion properties of fields, the invariance of charge, etec., etc,—
which would appear in a course on relativity.
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The basic arguments are handled beautifully in Dirac, but
both the nctation and the emphasis in the staterent cf results
are out of step with the great bulk c¢f the literature,

Notation

led 27, and

The operator that Dirac calls % is commonly cel
his 75 is commonly called a {b', b and e¢’,c ave also often used),
The boson commutation reizticns {(11) in Dirac) now become
1 1 1 T
a'.ag-agas.,s= 0
ay ag - ag dy = 0
1 o —
ay a' g = a’; ap = 8,4

and the occupation-number observables are

T -
ar a', = 1-N_
"That Dirac calls the kets Vs or > for fermions) are
commonly called state-vectcrs ") or g'; if arzuments are speci-
fied for the state-vectors, they are most frequently the occupa-

tion numbers N'.,

Form of the Results

Instead of Dirac's U in (22)-(29) we commonly see H , the
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Hemiltonian without interaction, The V of (30)-(35) is the

perturbing term for interactions between pairs of particles.
(29) becomes

= =Y (o) a'y, a
8 r%nnm m

and since

(o) _ T
hnm = j ur ho U, dr
we have
~
Hy = )/ 8 For
where

is its Hermitian adjoint, The basis functions u, are ordinary
'c-numbers.' VY and "Y' cet their operator character from the
coefficients ay and a' .

From the commutation relations for a, and a
for ‘¥ and “4w': for bosons,

'  we pcet those
m <

N RTEY) - WIED) ST =0

kN

(@) Y@ - rEDY(E) =0

PE)YTEY) - YTEDHE) = 5(R-21)

For fermions the - signs in the left numbers are replaced by +
signs., The proof of the last equation (with the & function) is:
Ejum(f)u*n(f'){am a'n -2’ al

T | ;
mn 5 .

left number
Then

left number = Z:um(f)u*n(?')ﬁmn
mn

§'un(?)u*n(%')

o}
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by the complctencss of the up,

For bosons there is no difference between (35) and (35!).
Thus (35') holds for either bosons or fermions. In more usual
notation, (35') is

= T T
V E: Vns;mr a'p @ g a8 ay
nmsy

Since

Vossmr = jjﬁU*n<3> u () wk @NDu (FOV(E,21) « dF dF"

we have
Vo= [fYT@YTEOWE,ED) YE) p (@ed dit

The forms we have written for & _and V/ are just what we
would write for expectation values of the ordinary operators,
except that the particular wave functions um(?), etc, have been
replaced by quantized ( operator) wave functions “W(¥), etc.

The quantun-mechanical convention that one uses u*s for final
states, u, for initial states, has been extended so that ¥’
means appearance of a particle and ¥ its disappearance.

In the expressions we have written from Lirac, operators
¥ eso¥ mean disappearance from cne state and appearance in
another - transition of a particle from one state to another,

It is a characteristic of relativistic theories that the number
of particles need not be constant, Light quanta, which are
always relativistic (having zero rest mass) are continually being
created (emitted) and destroyed (absorbed). Other kinds of
particles can be created when ensush energy is available, For
example, high energy lisht quanta can produce electron-positron
pairs; T mesons can disappear(decay) with the production of u
mesons and neutrinos; and so on, In the terms in the Hamiltonian
that describe such processes, 4 ' means creation of a particle
(or, for fermions, destruction of the antiparticle - see last
page of chapter in &4th edition), and ‘Y can mean destruction of

a particle (or, for fermions, creation of the antiparticle).

Note that the order of the operators in our ¥ on page ?
has been changed from the 'natural' order that would be found from

V= [ e@VE IR de
by replacing p by ¥'¥, This would give

1 '
E: Vhsimr @ n % @ g ¢ o
nmsr
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which differs from our V by terms

1 =\ 1
E: Vhsimr @ n Omsr = 2, Vomimr @' n 8r
nmsr niar

(this can be worked out from the relations on the a's and a'f's,
for either the boson on the fermion case).
These terms give the non-vanishing expectation value

E:Vnm;mr
m

for a state in which there is just one particle and it is in

the state n., This is the gself-ererey of the particle given by

the interaction V, The choice we have found for Vv, from Dirac's
(35'), avoids the appearance of self~-energy by putting all cre-
ation operators on the left, so that the two-particle interac~
tion can contribute only for states where there are two particles,
The products of @ erators in Vv are examples of 'ordered products'
or 'normal products,' with all creation operators on the left

and destruction operators on the right (where they get first
chance at the state function,) Such products play a special

role in quantum field theories.

Additional Argument on Meaning of Operator ¥

Consider the operator
Ny = JYTE@) V(R R
\Y

where V is anv fixed volume., Because Y1 ig the lermitian

adjoint of ¥, we have for any state i :

f (D, W@ @) P

[ev@nd r@n et v o

r\I“V = (S_D’NV “.[J)

N;, can't have negative exp. value, hence can't have negative

elgenvalue,
Using either the boson 9r the fermion commutaion relations,

we find that

A

Ny YD) - W(EDNy = - | 8(E-21) ¥(EN)dr! = {- ¥(),T in V
\% 0, ¥ not in V

P 3 [’.__.; ]
Ny ¥T(E) - #TEN = [ ¥T@),T i v
[ 0, £ not in V
—,
r

L For T in v, Ny WD) = F(D(,-1)
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Ny YT(E) = WT(E)(Ny+1)
Then if 4; is an eigenvector of Ny,
Ny = mr @
we have (for ¥ in V):
Ny V(DY = Y@ -1 = (ryr-1) YD Y
Thus if Ny' is an eigenvalue, then either
Ny' is an eigenvalue, with eigerivectors
?P(;)d: for (one or more) r's in V

or else 1f(r)ff = 0 for all ¥ in V.
In the latter case, we get by multiplying by TfT(r) and inte-
grating: -
NV4/= 0, or NVE = 0,
the

From these facts, and fact that no eigenvalue can be negative,
we see that the possible eigenvalues of Ny are 0,1,2,004000,
whatever the size and shape of V.

The occurrence of 8(#-F!') in the commutation relations cor-
responds to a quantum field thecry with point particles. Zvery
particle is either completely inside or completely outside any
given volume,
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HARVARD UNIVERSITY

Physics 253

Answer FFIVE questions

1. Let Y? (a = 1, *++5) be a set of 4-rowed matrices
which satisfy
vayP 4 vPy2 26,1 -
Prove that Tr Y& = 0 and Tr Y8YP= 0, a # b.
How do we know that there exists a matrix K such that

Kyd = 2

K (a = ]_’ 0005)?
Prove that the matrix K is either symmetric or antisym-

metric., Find out which it is.

2. Write Dirac's "a-form"® of the Dirac equation,
Obtain from it the Pauli "Y-form" equations for the
functions Y and -\P . Discuss the Lorentz invariance of
these equations for transformations which do not reverse
the time,

3. Carry through the Darwin derivation from the

Dirac equation of the Pauli equation with approximate

2
relativistic corrections, in the case v/c ¢« 1 ( [E-mc2[<Knm‘).



-2

4, Explain why "physical time reversal" (or "mo-
tion reversal", called®Wigner" time reversal) necessarily
involves complex conjugation, Discuss this time rever-
sal for the Schrodinger electron, in the coordinate
representation and in the momentum representation., Dis-
cuss it also for the Pauli electron; explain what the

Kramers degeneracy is, and prove its existence.

5. Quantize the transverse electromagnetic field
(radiation field) in the gauge V--A' = (), for periodic
boundary conditions in a box of voluune V = L3. Use the
condition that the total field energy

jlﬁ(E2+ H2)d?
must be equal to

v +
z ag as’ﬁ W, const.
S

s . . . =2
to get a definite form for the Fourier expansion of A ,
Explain the physical meanings of the terms in this ex-
pansion, including their relations to the Einstein A

and B coefficients,

6. Write the equations of motion that follow from

the variational principle

8fx c’14x = iclf_ dTdt = o



where
a a (04 — a
L= Lg% ¢ 0 = 2¢%/0x
Show that it is a consequence of these equations that

the tensor

T}w-.:_(a:,ﬁ/acp“,/“)-cf‘i_;, + £ 5/'“_,,

satisfies the equation
dT ,, ,,/d = 0
Pl

Show that if all field quantities vanish sufficiently

rapidly at large (spatial) distances, it follows from the

last equation that the vector
. g
P).(t) = -1] dr Tn

is constant (independent of t).

Final, January 1962
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Physics 253 Problems, 1961

1+« In Dirac'!'s original representation three matrices (x 'X+9ﬁ> are real
and svmmetric, while one (v, ) is 1mag1nary and antlsvmmetrlc. Thus,
given four Hermitian TP Y4 s with Y7y Y ’/,u g,h},
a representation "of type (3,1)" is possible, where "tvpe (m,n)* means that
m of the matrices are real symmetric and n are imaginary antisymmetric.

What other types (m,n) are possible, and what are impossible? (Possibility
can be clinched by displaying a representation, Impossibility can be proved by
examining the symmetries of the 16 linearly independent products.)

2. Show that the non-Hermitian "Darwin term" in the ap roximate wave
equation for the large conponentsﬁg (charge e, potentials A,4-;n0 nonelectric
force, no Pauli magnetic moment) are, in this order, just what is required
to makeL\¢Y non-conserved in such a way that 4)¢ =(V'{+X*X is conserved.

(Using the lowest order expression for X in terms of 4 r calculate—— %X

and show that it consists of

a) divergences};

b) terms of higher order in % than those in d q/calculatea from
the approximate wave equation;

c) terms equal and oprnosite to the contribution to g—ll $ from the

dat
"Darwin term,)

P.»u-&jmu I 3 f;iu.t ((-2%- Gy



Physics 253 Problems

3. Use the free-particle Dirac Hamiltonian
- )
H=cix * p+ pmc?

to calculate, by evaluating commutators, the successive quantum-
g \ g2 »
mechanical derivatives (g_ xh, (d ce e
at ;7 idat® ,?
N /
Carry this out until you can see a relation between derivatives that

enables you to write formulas for all these derivatives. Substitute

. . 1 2 ot
in Maclaurin's series = :/dn o
x = x(0) + L |=—=x} ==

and sum the series to obtain
x = x(0) + const . t + sinusoidal terms.

Examine the coefficients in this result and make what comments you
can on their meaning. (A similar, but somewhat less explicit, result
is obtained by a different method in Dirac, Section 69 - 3rd or 4th
edition; or Section 71 in 2nd edition.)

D't do 4 ot ‘nM,TWw;
*idﬁ Show that for N 2 0 there are an infinite number of different

8§ T
state vectors \i’ for which N U= Nv‘if. (See hectographed
2 L

reading-period notes for background,) If v is a finite volume in
infinite space, or 1is only part of a "box" to which we may confine

our discussion, show that this infinite degeneracy holds also for
[

Nv = 0,

_»If the system is confined to a "box" (so that the basis functicns

us(r) are a complete orthonormal system for thils finite region),and

if v is the whole volume of the box, show that V o = 0 defines

a state vector gl that is determined uniquely apart from a phase
factor.



Physics 253 - Problems 1961

/The Problem 4 printed on the previous sheet will not be assigned at

present, and will perhaps be omitted altogether, We now 1llst a

Problem 4 which is assigned/

J'l'o

For charge conjugation we had

. - -1 .u ~Uu +
Yo =07, ol =i, ot o,

and it was proved in lecture that ¢ = -C and that (\Tc)c =‘{, 50
that we can say that the charge-conjugation transformation is
"self-reciprocal,”

Writing T rather than the much-used S, we had for Wilgner

time~reversal " P
" 1 .u =K45u§(4

Y. =Y T YT

to
‘rev ? T =

1.

a, Without using a representation of fthe Eu, show that T f;l
- A

is a multiple of the unit matrix, and that in fact T = -T. Show

whether or not the transformation is self-reciprocal.

n._}_ . . . o A
b. Show that "= Sg(\i‘lc)rev , Where Sg is, to within a phase

factor, the matrix found earlier in the term for the 'geometrical

time reflection", X =Xy, Xy o= -X)
a, Find out what you can about the relation between (WC)

and (?}ev)c'

b. In lecture, the formula Wé = C§7was first fixed by requiring

rev

that Y, 1s to have the same Lorentz transformation (L.T.)
properties (for proper L.T.'s and for space inversion) as ¥ has,
After this, we found that the substitution'§;= C'lqé gives an
interesting and 1lmportant transformation of the Dirac equation.
In the case of time reversal, we fixed T by requiring that
the substitution §/='Q£eanl,in the Dirac equation give an
equation of the desired form, Make such investigation as you
fhink suitable of the relation between the L,T. properties cf
' and those of’@éev.
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