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Applied Physics 296
Problem Set I
Due: March ¥2 1962

(See Condon and Shortley, p. 125)
Start with Dirac equation,
‘_—ca> . (B+%K) - Bmcz-evj'-y= ey’
F is four component wave function, % is a 4 x 4 matrix vector, and

B is a 4 x 4 matrix,

5 [0 o I 0
R G- Pl )
\ / \ .
/0 1 /O ~-i 1 0
and 0, = ’ oy = y O, =
_1 0 ki 0 0o -l
. . "o 1
(Pauli matrices - S = 5 o)

(1

Writey =
- . . . . + .
where /,' is small (negative energy) part of wave function, yooods
. - +
large part of wave function (y and  are two component column wave

functions), Iliminatey , to obtain,

4

- N - A e - g +
[mcz—ev+§::;n O'(p+'§'A)f(r)00(p+%A) J‘?"‘ = ey,

= 1

wvhere f (r) = 5

1+ (e -mc” + ev)

2
2 nmc

Expand out last term in l: :| , and obtain,

- - s>
- g - -
[mcz—ev+%l(p+%ix)z+hs-v fx(p+%A)

m
A —3 - s M - T
iRt rEN () SR 5.9 xA [y T - eyt



For the electron far from a nucleus, show that the interaction
—-ﬁ;—(p + %A)?‘, the spin-orbit interaction, and the electron spin Zeeman

interaction appear as given in class,

Show that near a nucleus, the contact hyperfine interaction energy
inside a sphere of radius R about the nucleus is,
Y 5
> . =002
¢ T THs j v x [f(r) An] ly @) 1% ae,
Vol
- ) . ) Y
wherey (r) is now the 8pin independent function ‘)‘+' 1f |¥(r) |2*|1"(o) |2,
-~ . !
r

S -t
and if A = Fn X outside the nucleus, then the contact interaction energy

r3
is again,
- -
81 . 2
o= 3 s Fa lyo) |
2, Consider a uniform spherical shell of volume dTY charge = dT!, and

radius r', rotating with angular frequency W, Using,

@ - | il

| r-r? |

show that the vector potential at a point4r due to this shell is,

-

[ NN — r
d A(r) = d/-,\x*-'-3- r >r!
. r
- T \
d/{ x—'—i r<r

AY

where d’—/,: =

W [~
[
o
pe
]
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€
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3. Using the result that the vector potential due to a maguetic
moment is, N
- - r
A=/4x—-§-,
r

show that the vector potential due to a uniformly magnetized spherical’ shell

of total magnetic moment q; and radius r? is,

1@ - a4l gL !
d A (r) df‘ X =3 r > r
r
= 0 r < r!
4, is a simplified model of the nucleus, take a spherically symmetric

distribution of charge and intrinsic magnetic moment of radius ros rotating
-
with angular frequency w, The rotating charge produces a total magnetic
- . . . . . - - -
moment (. 1, and the total intrinsic spin moment is /< ns* A ouL * s 8T
- -3 -
parallel, and the total nuclear moment is x =fns TF aLe The element of
- N - .
charge is@ (r!) dT!, and the element of intrinsic spin moment iSF)S(r')/(nS ars,

Using the results of problem 2 and 3, show that the vector potential at

i

a point outside the nucleus is, A = g, xvvzg .
The contact interaction energy can be obtained from the result of
problem 1,

€
c

- =Fgt g R @ ] e @ e

The radius of the sphere of integration can be taken as R = ry for~y(r)
spherically symmetric. (This follows, since the interaction outside the nucleus
then gives a vanishing angular average.,) Using the results of problems 2 and 3,

show that the contact interaction is then,
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- v 2
=3 whiin Iy [1 LT

¥ (o
r
° £(r) Al ? [ AL Fns .\
- Io |\"p(°) 2 3T P K (r) + R Ky (r) } dr :| ’

where r 2
j Ds (r') rt“ d rt
Kk, (r) = g =
) \ 2
R
o
(I‘ r-o
@ = [P etars S| 0 ) et ar
0 I

IroP (r") r1% drt

0

and y p(o) is the wave function at the origin for a point nucleus, (We have
introducedﬁvp(o), since the realy (rj may differ slightly for 2 isotopes with
different distributions of nuclear change,)

For f(ro) ~ |,ady (r) ~tp (o), the bracketed term approaches |,
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Applied Physics 296
Problem Set II

Due: March 21, 1962

The Hund's rule ground term for an atom or ion is the term of maximum

multiplicity (or maximum S8); and for that S, the term of maximum L con-

sistent with the Pauli principle.

A statey (L ML S MS) of the ion is a linear combination of determinants
: 2

of the form,*% (L ML S MS) =4 aiDi(ML’ MS).

Therefore, the state
(1) v (L, M =1L, S, M, =5)

of the Hund's rule ground term for an ion with N electrons in a single
unfulled shell less than half full, is the single determinant formed

from the product function,

(2) " 1/2 " z“’l‘(l) u = (T(z) ce umj(l._) (e 1)|(N)

Here Z is the angular momentum of the unfilled shell, and )V is a spin

function of spin up,

mz =4 m£= 2-(N—l)mﬂ=-z

x 1 x 1x 1 x | T 1T
J

This is the only determinant having the maximum M. and Ms, and therefore

L
must itself be the state (1),

Similarly, the state (1) for N electrons in a shell more than 1/2 full is,

N N “mzl) Ty - éi”’”’ T (20+1) u(zf:tz) }am) -
sgpw L)
m= m -t
X X X X L X X ,r
X l‘ X x |4




Now, for an ionic state L, S, the Wigner - Eckart theorem says that we

may write

g Ao 1 v .
(4) <LSML'MS"% - = '?: a_ri Li Si% LSMLMS>

= aLsM Mg, | L S| LSM MY .

By evaluating both sides of (4) for the case of the Hund's rule ground term

of an ion, with M,, =M, = L, M, = M, = 8, show that

L' L s' S

o 1 v
mec T Br{ nﬁ) for shell less than half full,
2 S

|—

. +< n¢|-

(5)

| 0>
or for shell more than half full.

'
N\
=
~
]
!
=

Consider the Hamiltonian,

e T

M =ALS +mo (L, +25)H

Find the energy levels of this Hamiltonian for S = 1/2 and arbitrary
orbital angular momentum L, This result is known as the Breit~Rabi

formula,
Show that, for small H, the energies become,

(1) € = ?23 [ J(J+1) -L(L+1)-S(S+1) ]

+ g(LSJ)f(Q MJ H,

where g(LSJ) = [ z[ng+1Bs(s+1)-)L(L+1ﬂ
2 J(J+1

+ J(I+D)+L(1+1) -S(S+1) 1
s J(J+1) 47

(L+1/2), s=1/2
J, « « .« =J.

and 7J
1

This verifies Lande g-factor result for § = 1/2.
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Loplied Physics 266

Eroblem Sex ITI

Due: April 11, 1962

Two 3d electrons couple to give a ground term 3F.
Suppose a 3F ion is put in a crystal field of octahedral symmetry, which
in operstor equivalent form, diagonal in L, is given by,

1/2
_ o 5 +4 -4
V. = D, [L4 + (57 (L, + 1, )].

Find the matrix of Vc, ignoring the interaction of the ground term with
higher terms. From the matrix, find the energy levels in the field Vc.

Make use of,

Ly
[}

A A
1 b 2. ) 4
5 (35 1 BOéL L2j+3{1. })

+ _ /10 b
L, = Y15 @)

(24 g
é 1 4% = 1 2 @ 2_ % )
- - =) .Y
(1 ZL 2 e 1 2L 2 + 1 1 2 3 1 2
E z z 6 6 "z

Consider the Hamiltonian for a nuclear moment in a crystal,

. 2 -
4 = T .m . e 499 [ 2 T 27
WM = erpy 1 8- gpprn) 3L -1°)

-~

For the casefl, > , and I = 3/2 compute the energy levels for (1), to
/1 N2 Q
first order perturbation theory inZLq, assuming the field {1 is applied at
some gngle © with respect to the symmetry aizis, What trancitions duz to
an R.F. magnetic field h applied at right angles tc H, are allowed, Sketch

the egpectrum you would observe in a resonance experimants.
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Applied Physics 296
Due: May 21, 1962

1. Start with the effective mass Hamiltonian for the four-fold degenerate
valence bands of Ge or Si, in the presence of a magnetic field‘ﬁ,
22
- ;_[ 5 P¢_ 2, 2 2oy 2 -
' alin+37)3 ¥y G0+ 3B LR
-2 ‘ ' f-
2r3 0[5, 3, 00P R} + "33 Y tpop Y e (3 3 HP R

> i 3 3 3,
+ _g_g KJ.H + g% Q (J B H + J VH )

{w .lf ,
The symbol LXPy}, etc. means 3 Px?y + Pylx_.

The angular momentum 3/2 matrices t ¥ Jy, J, are,

f3/2 o o o}



-2
Show that in the limit of H - O, the solution of the eigenvalue problem,

= E has the four roots,

™ o= o 2 AT AT AT AT AT A - -
£ r‘LAL+/321<4+c2(1;2k2+1«21<;2+k2k‘°')J-twice
XYy y z X

Z
Ny 2 - - A
T 1;1— L Al - /sz4 + cz(k T e N 2)1 - twice,
2m Xy y z z x /|
where
(/A =Y
2 2
B” = (2v,)
2 2 2

2. Suppose an electron moves in a magnetic field H in kinetic momentum
space, on a constant energy surface,

T=1 .2 L2 2
om (P 01 * ¥y Ogp * P 0350,

The magnetic field is,
= HlaX + gy + az],

Write out the classical equation of motion of an electron,

b

-
e gy
dT ¢ p
Assume that the motion of the electron in P space is periodic and goes
i t
as e= “c",

From the consistency condition for the motion, show that

Yo T mC s Where
c

N & A
=(H.a L 'al,l/z

3. For the case of a two-fold degenerate band j coupled to one other two-

fold degeneratz band 1, and neglecting the free electron contributions, we



have the effective mass equation,
[ FnP -0 P+uS g H= u] f.(r) = 0,

where

4—9 - — ey —
a=2m (t, t. + u. + v, +
(E58 50 Wy * Vawie b Vi

: E.0-ES°
- j m

<l

=7
i

%‘l—'—_“"?)'\_ﬁ (v, +u, xt,
3

[T PR TS TIX

,\ — - — - \ A —t - — -—
+ + v, xt. + . .t w, xt., _\ .
POy, * Vi xE50 + Blag v, © v )

The expressions for the effective cyclotron resonance mass and the effect-

ive spin re<sonance mass are,
~. A

(—’“—} .ot A a2
m*
c

; A ~ A

“—‘—)= 1/2(0 . § L E . B2
"

Show that for this simple case, e = m; for any direction of applied

field,
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Applied Physics 296

Final Examination
Tuesday, June 5, 1962

Define and Discuss briefly the following physical concepts:

a, De-Haas Van-Alphen effect
b. Spatial acoustic resonance
c. Upen orbits

d, Knight Shift

e. Dressed interaction

Discuss the content of the following theorems:

a. Kramers’ theorem

b. Generalization of Kramers' theorem for band states in a crystal with
inversion symmetry

c. Jahn-Teller theorem

d. Van Leeuwen's theoren
Do three of the following four problems.

Starting with the interaction Hamiltonian,
= o (P & Bp) = Jls- VX B

—h
for an electron interacting with a nuclear vector potential A, derive the

)

mégnetic hyperfine interaction, including the contact term. Make use of the

expression,
-— o

i
Am' ‘/Amx-\%z ) far from the nucleus; and ignore any nuclear structure

effects.

An ion with L = 3, S = 1, is in a crystal field of tetragonal symmetry. The

spectrum of crystal field states of importance is:

-

e

N
o



-2-

(j) is orbitally non-degenerate, S/L) is 2-fold orbitally degenerate, and ()))

is orbitally non-degenerate. The wave functions for these states are,

WQ;: “”+2"“f"—
o = &%aﬁ_
LPQ@ =\J—% *—3“@ Ve
%ﬁ Yy -;\P—z
Treat the effect of the perturbation terms,
A= AL+ S + M, (C+23) H .
to derive a spin Hamiltonian of the form,

*= D S';:' + %fn//to H%Sva, + @/J—/"lo (H:cs;r‘*‘#g g@.

Evaluate the coefficients D, 811’ %l in terms of A, A, A . Make use of the

raising and lowering operator relations for L = 3,

Ral ¥ = (3= D (3+M+D) \PM-H
= Vi = D) W1 o

a.Consider an ellipsoidal energy-momentum relation,

é" (ch '!'@«334‘—-‘-—— pfo- .

Using the result,

X = _1_ /3
e ’rrr-(‘\.%\

find the effective mass for an orbit about the middle of the ellipsoid, for H
along the principal axis of the ellipsoid; and for H at right angles to the

principle axis of the ellipsoid.

b.Consider an energy-momentum relation,

£ = ﬁ[?ﬁ—Bﬁfﬂ



with B a small constant,

Find the effective mass for an orbit around the middle of a constant

energy surface, teo first order in B. What is the cyclotron resonance fre-

quency for a Fermi surface of energy EF? Would you expect to see a sharp re-

sonance for a Boltzmann distribution of carriers?

6. Take a lingar chgin madel of a ferrimagnet:

s;\‘:ﬁ j S, ﬁ
?;%7 QM&l gan +2

The Hamiltonian for the problem is,

.Y —

M’ Z;Q/hesfﬂ, H‘Q-ZQ/A@ H+Z_23;LM/S . m!?

Assume nearest neighbor antiferromagnetic exchange coupling. The magnitudes of

. e ‘a
spins on the sublattices are S

A5 4Dl
o(g‘ _/\%[%S]

cbtain equations of motion.

. From the operator relations,

Interpret these classically, and find the small

smplitude spin wave dispersion relations of the system. What are the uniform

mode (k = 0) resonant frequencies of the system?
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I. PHYSICAL BASIS OF MAGNETIC PROPERTIES

A. Atomic Sources of Magnetism (3)*

l.

2.
3.

Introduction and classification of magnetic
materials

Diamagnetism and the Larmor Theorem

Permanent moments of ions, atoms and molecules;
exclusion principle and Hund's Rule, g-factor

B. Paramagnetic Behavior (3)

1.

2.
3.

Statistical theory of magnetismj Langevin and

Brillouin functions

Quantum theory of paramagnetism

Crystalline electric field effects

C. Ferromagnetic Behavior (6)

1.

2.

Internal magnetic fieldsj; Weiss molecular field
and its consequences

Exchange energy and its role in magnetism;
superexchange

Spin arrangements in solidsj ferro, ferri-,
and antiferromagnetism

Spin wave description of ferromagnetism
Other contributions to magnetic energy; demag-

netizing fields, magnetocrystalline anisotropy
and magnetostriction

* Numbers in parantheses ( ) indicate approximate number of
_ lectures on a topic.



S

Magnetic Domain Theory (3)

L Domain walls and domain configurations

2% Domain dynamicsj rotation and wall motion
3. Application to the magnetization process;

hysteresis, initial permeability, coercive
field, remanent flux, etc.

Magnetic Resonance and Gyromagnetic Properties (6)

1: Paramagnetic resonancej; macroscopic and micro-
scopic approach

2. Ferromagnetic resonancej; uniform mode resonance
conditions and permeability tensor

3. Other resonance phenomenaj; sublattice effects
and magnetostatic modes

4, Loss mechanisms; resonance linewidth and rf
initial permeability

B.s High power effects; stable and unstable behavior

Important Magnetic Materials (2)
Le Paramagnetic salts
2. Ferromagnetic metals and thin films

3. Magnetic oxides

IT. PHYSICAL BASIS OF DIELECTRIC PROPERTIES (2)

.A'

Elementary Atomic Theory of Dielectric Properties
e Classification of dielectric materials

2. Local electric fields; Clausius-Mosotti and
Langevin formula

Fie Polarization mechanisms and the susceptibility
dispersion spectrum



1

SOME

..3_

Ferroelectricity and Piezoelectricity (4)

lO

Sources of spontaneous polarization; %W
catastrophe

Ferroelectric domain structure and domain
dynamics

Crystal structure and tensor relationships
in pilezoelectrics

APPLICATIONS OF MAGNETIC AND DIELECTRIC PHENOMENA

Passive Microwave Ferrite Devices (5)

l.

4,

Solutions of Maxwell's equations in gyromag-
netic media

Faraday rotation devicesj; isolator, circulator,
switch

Birefringence and anisotropic scattering; reso-
nance isolator, field displacement, differential
phase shift ecirculator, Y-type circulator

Non-linear devicesj; frequency multiplier, limiter

Microwave Amplifiers (2)

1.
2'

Masers; discussion of noise figure

Parametric amplifier and converter

Low Frequency Magnetic and Dielectric Devices (3)

lﬁ
2°

3.

Switching applications in computers
Computer memory devices

Saturable reactors, magnetic and dielectric
amplifiers

Electromechanical Devices (1)

1.
2.

Transducers

Resonators
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