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It is well known that if the interaction between electrons
in a metal is neglected, the energy spectrum has a zonal
structure. The problem of these ‘‘Brillouin zones” is
treated here from the point of view of group theory. In
this theory, a representation of the symmetry group ot
the underlying problem is associated with every energy
value. The symmetry, in the present case, is the space
group, and the main difference as compared with ordinary
problems is that while in the latter the representations
form a discrete manifold and can be characterized by
integers (as e.g., the azimuthal quantum number), the
representations of a space group form a continuous mani-
fold, and must be characterized by continuously varying

L

NVESTIGATIONS of the electronic structure
of crystal lattices in particular in metals,
made on the basis of Bloch's theory, led to the
conception of the so-called Brillouin zones.! In

*C. R. B, Fellow.

1 The existence of these zones was first noticed by
M. J. O. Strutt, Ann. d. Physik 85, 129 (1928); 86, 319
(1929); and then, independently, by F., Bloch, Zeits. f.
Physik 52, 555 (1928); cf. also P. M. Morse, Phys. Rev.
35, 1310 (1930). From another Soint of view, they were
discussed by R. Peierls, Ann. d. Physik 4, 121 (1930).
Their connection with x-ray reflection was first pointed
out by L. Brillouin (cf. e.g., Die Quantenstatistik ?lgerlin,
1931)). Important physical applications were given by
H. Jones, E‘?'oc. Roy. Soc. Al44, 225 (1934); 147, 396
(1934); H. Jones, N. F. Mott and H. W. B. Skinner, Phys.
Rev. 45, 379 (1934); ]. C. Slater, Phys. Rev. 45, 794 (1934);
Rev. Mod. Phys. 6, 209 (1934); F. Hund and B. Mrowka,
Ber. Sachs. Akad. D. Wiss. 87, 185, 325 (1935). Compare

parameters. It can be shown that in the neighborhood of
an energy value with a certain representation, there will
be energy values with all the representations the pa-
rameters of which are close to the parameters of the
original representation. This leads to the well-known
result that the energy is a continuous function of the
reduced wave vector (the components of which are pa-
rameters of the above-mentioned kind), but allows in
addition to this a systematic treatment of the ‘‘sticking”
together of Brillouin zones. The treatment is carried out
for the simple cubic and the body-centered and face-
centered cubic lattices, showing the different possible
types of zones.

spite of these investigations, which cover a large
part of -the field, it seems desirable to develop
the theory from a unique point of view. It
appears that taking into account special sym-
metry properties of different lattices brings out
interesting features of the constitution of the
B-Z which are not evident from the existing
general theory. These features can be dealt with

also F. Hund, Zeits, {. tech. Physik 16, 331, 494 (1935);
Zeits. f. Physik 99, 119 (1936). Hund’s work deals with -
those properties of the Brillouin zones which are common
to all zones of the same lattice (as matter of fact he does
not discriminate between different types of zones at all).
We consider here the different types of zone separately.
The differences between the different types are of the
same kind as e.g. the difference between even and odd
terms in atomic spectra. It is surprising that there are at
all common properties of all zones but Hund has shown
that this is the case for the more complicated crystal -
structures.
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uniformly by the methods of group theory,? and
we propose to take up the subject here from this
point of view. The first start in this direction
has been made by F. Seitz,? and we shall use his
results extensively, though a knowledge of his
work should not be necessary for the under-
standing of this paper.

In the theory of Bloch, every electron has a
separate wave function. This assumption is
identical with the Hartree-Fock approximation
method and amounts to neglecting the statistical
correlations between electrons, If we neglect
these correlations, every electron obeys a sepa-
rate Schrodinger equation of the type

Bt s0* 9* &?
(e =B )
2m\ox® 9y* o3? ‘

in which V contains the ordinary and exchange
potentials of the ions and electrons.* The po-
tential 7 has the whole symmetry of the lattice,
that is, the group of our Schrédinger equation (1)
is the space group of the lattice.

It is clear from the ordinary group theory?
that every characteristic value of (1) belongs to
a certain representation of the space group and
the dimension of the representation is equal to
the number of characteristic functions belonging
to this characteristic value.® Thus far the group
theory of the B-Z is not different from the group
theory of any other system. But while in atoms,
molecules, etc., the characteristic values of (1)
are well separated, the characteristic values of
(1) for a crystal form a continuous manifold.
There will be several characteristic values in the
neighborhood of any one E and the representa-
tions of these characteristic values will be said
to form the neighborhood of the representation
of E for this B-Z. Thus a certain topology for
the representations must exist and it will be
shown that part of this topology is independent

1Cf. e.g., E. Wigner, Die Gruppentheorie und ihre An-
wendungen (Braunschweig, 1931). The first application of
mup theory to crystal lattices has been given by H. Bethe,

. d. Physik 3, 133 (1929).

3F, Seitz, Ann. of Math. 37, 17 (1936).

SL. Brillouin, Actualitbs Scientifigues et Industrielles
(Paris, 1933).

$To the symmetry operations of the space group, the
“‘reverstl of time" (cf. E. Wigner, Gott. Nachr. 546 (1932))
should be'added. It has been remarked by F. Hund (refer-
ence 1) that this will often be of great importance. It can
be omitted. hnvizver, in the case of the cubic lattices
investigated here,

of the special B-Z. Even if E, E', +++ be in
different B-Z but have the same representation,
there will be energy values neighboring E (with
a few exceptions) with the same representations
as those of energy values neighboring E’, etc.
The investigation of the ‘‘topology"” of repre-
sentations will be essentially the subject of this
paper, from the mathematical point of view.

II.

We must review next, the theory of representa-
tions of space groups. F. Seitz® has shown that all
space groups are soluble groups and their repre-
sentations can be obtained according to the
general theory for these.® ¢ Seitz first considers
the invariant subgroup formed by the transla-
tions. Since these commute, the corresponding
matrices in the representation can be assumed to
have the diagonal form. This means that we shall
consider such linear combinations ¢, (=1, 2,
++-n, where 7 is the dimension of the representa-
tion) of the wave functions, which are merely
multiplied by constant factors (“‘multipliers’)
Wuly Wy2, wus If a displacement by the three
elementary identity periods is made. In other
words, the matrix corresponding to the displace-
ment by the first elementary identity period is a
diagonal matrix with the diagonal elements wy;,
wei, °**, wni, With similar matrices for the
representatives of the other displacements. Since

all matrices . must be unitary, |wu|=]wu|
= |w,3| =1; and if one writes

Wu1= eilkzz1+kyyitke )

Wy = gikzza+kyyatkacea) (2)

Wes= eikzzathyystkerd)

with %1, ¥, 81, X2, Y2, %2, X3, ¥s, 25, the x, ¥, 2
components of the first, second and third identity
periods, the vector k is called” ‘“‘the reduced
wave number vector.” Of course, k will be, in
general, different for the different wave functions
Y1, V1, ***, ¢¥a It must be remembered, how-

¢ G. Frobenius, Berl. Ber. 337 (1893); 1. Schur, Berl. Ber.
164 (1906). ,

7 Cf. A. Sommerfeld and H. Bethe's article in Handbuch
der Physik, Vol. 24 (Berlin, 1933), chapter 3. Also J. C.
Slater, Rev. Mod. Phys. 6, 209 (1934). For a simple cubic
lattice mi=y:=8=d; Y=z =%2=2s=2%=7y,=0. For a face
centered lattice yi=z=x:=z=x3=y3=d/2; x1 =y, =2 =0,
etc.
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ever, that the reduced wave vector k is de-
fined by (2) only up to an integer multiple of

a vector r of the reciprocal lattice, i.e., a vector r,

for which
rx v+ ryyi+r.2=2mn,
X2 ryyabr.2a= 2mny (2a)
rXa+r,Ystr2s=2mn;

always can be added to k, without changing its
meaning. The space of k is periodic with all
the periods r, satisfying (2a); two reduced wave
vectors differing by such an r are considered
identical. If there are no essential gliding planes
and screw axes in the space group,® one needs to

- consider, in addition to the above translations,

rotations and reflections only. If such a trans-
formation is applied to y,, it will be transformed
into a wave function, say ¥, the reduced wave
vector of which arises from that of y, by just
the rotation or reflection considered. Thus the
reduced wave vectors of the wave functions of
one representation all arise from one another by
the pure rotations and reflections of the group,
i.e., the elements of the crystal class. If the re-
duced wave vector of one y, is transformed by
every element of the crystal class into a different
vector, this will be true for all of them, and we
shall have as many wave functions yi, *++, ¥n
as the crystal class has elements. The matrices
of the representation corresponding to rotations
and reflections will merely interchange the dif-
ferent ¢,. If there are symmetry elements which
leave a wave vector invariant, they form a
group which we shall call the group of the wave
vector. So, for example, if the wave vector lies in
the x direction, its group will contain all rotations
around x and all reflections in planes through .

A wave function ¢, with a wave vector k.

either is left invariant under the transformations
of the group of k, or else transformed into a new
¥ with the same wave vector, k, however. In
the first case there will be only one wave function
with the wave vector K. In the second case there
will be several of them and they will transform

8 We mean by this that all symmetry elements can be
considered as products of two symmetry elements, the one
of which is a pure translation, the other a pure rotation or
reflection. This is the case in the most important space
groups.

under the transformations of the group of k by
an irreducible representation of this group,
which we shall call the small representation.
These are the results of Seitz.

Hence the representations of the space group
must be characterized by two symbols. The
first gives the reduced wave vectors (or set of w)

which occur in the representation; the figure of

all these wave vectors forms a ‘‘star’’ with all
the rotational and reflection symmetries of. the
lattice. Three such stars are given in Fig. 1 for

N
T

Fic. 1.
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a two-dimensional quadratic lattice. The second
symbol characterizes the small representation,
which is an irreducible representation of the
group of one wave vector (the groups of all wave
vectors of a star are holomorphic). If the wave
vectors lie in general positions (Fig. 1a) their
group will contain the unit element only. In
this case the second symbol may be omitted.
It may be emphasized again that two wave
vectors must be considered identical, if the
corresponding set of w's is the same. Thus for
example, if the three k.x:+k,y:+k.2; are all
integer multiples of 7 (not necessarily of 2r)
the wave vector k., k,, k, is identical with the
wave vector —k,, —k,, —k, and the inversion
(x——x, y>—y, 3—>—z) always belongs to the
group of the wave vector.?

LZ8

III.

We now consider an energy value E with a
certain representation D and the wave functions
Y1, ', ¥a If we multiply one of these by
eileztayrtess) where k,, ky, 4, are the components

? It is in this connection that the time reversal is impor-
tant (cf. F. Hund, reference 1). If the crystal class does not
contain the inversion, k., k,, k. will 8till be carried over into
—k., —k,, —k, by the “time reversal.” Since, as we shall
see, the above consideration determtnes the surface of the
B-Z, this will be fundamentally affected by the operation
of time reversal.
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of a very small vector, it will have the wave
vector k+x and belong to a new representation
D’. The set of new representations obtained in
such a way will be called the neighborhood of D.
It is clear that there will be near E, an E’ with a
representation D’. For if ¢, satisfies (1),
Yreitrzst e = ¢/ satisfies

h? ] ] ]
(——A+ V)¢1’+ (xz——+x.r—-+x,—)¢/x'
2m dx a

;z— dy 2
hZ
=(E+—(x,’+~f+xﬁ))¢x’- 3)
2m

In this equation the second term is small, and
its negative value may be treated as a pertutba-
tion. Performing the perturbation calculation,
we shall obtain a characteristic value E’ of (1)
which is near E and the wave function of which

will have the same translational symmetry as ¢/,

since both the original operator in (3), and the
perturbation

h* 2 0 d
- ( K.z_+ Ky_+ Kz_)
m dx ady 0z

(3a)

have the -whole translational symmetry of the
lattice.

This is all the general theory we need. If E
had a star of the general type, the star of E’
also will be of the general type and our result
merely states the well-known fact, that the
energy is a continuous (and even differentiable)
function of the components of the wave vector.
The set of all energies and wave functions which
may be obtained from one single energy level
continuously by this operation, never touching a
point in which the star degenerates, is properly
defined as one Brillouin zone. The restriction to
such representations, the stars of which are of
the general type, is necessary for the definition
of a Brillouin zene, since, as we shall see, two
or more Brillouin zones may stick together for
degenerated stars (as those in Figs. 1b and 1c).

If we consider an energy value, the wave
vectors of which are left invariant by some of
the rotation or reflection operations, the situation
still will be left essentially unchanged, if no two
wave functions have the same reduced wave
vector (the same multipliers). If, however, two
or more (say s) wave functions have the same
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wave vector, and we choose «,, «,, k. in such a
way that the new wave vector (k+x) has the
general position, there will be s orthogonal wave
functions, with the wave vector k4w and with
energies near E. Since for general wave vectors
it never happens that two wave functions with

" the same wave vector belong to the same energy

value, we must conclude that they all belong to
different B-Z which are very close for small x
and that for the original energy value E these s
B-Z “'stick together.”” The sticking together will,
therefore, always occur for such wave vectors
which are left invariant by some ' symmetry
operations.1

We must investigate two more cases. First let
x be such a vector that k+« still has the group
of k. In this case, the small representation of E is
equivalent to the small representation of E’.
Otherwise the wave functions would have to
change abruptly even for a small change of k.
The sticking together will be the same along
symmetry elements.

In the second case, the group of k+«x is only a
subgroup of k, but still contains more than the
identity. This case occurs, for instance, if we
pass from a symmetry axis to a symmetry plane
through this axis, or from the vector k=Q to a
symmetry axis. The small representations of E’
will be irreducible representations of the sub-
group, and if the small representation of E is
not irreducible as representation of the group of
k+x, the B-Z which stuck together for k will be
partly separated for k+«. The small representa-
tions in these B-Z will be, for k+x, the irre-
ducible parts of the small representation of the
group of k.

The proposed characterization of a B-Z is
given, hence, by the small representations of the
groups of all wave vectors, which have a group
greater than unity. For wave vectors lying in
equivalent symmetry elements, the small repre-
sentations are equivalent, and for a symmetry
element which is a subgroup' of another, the
small representation must be contained in the
small representation of the latter., Wherever
the small representation is s dimensional, we
have a sticking together of s B-Z, all of them
having this same small representation for the

10 [ncluding the time reversal.
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symmetry element under consideration. Again,
it is important to remember that the group of
the wave vector for which

©hexitRyithei=nx (for i=1,) (4) )

holds for one 4, say 4=4;, contains all elements
which transform k in such a way, that
(Rsxs4-Ryyi+ka2:) /x remains an integer for ¢ =1,
and is unchanged for the two other 4, since the
corresponding wave vectors are all the same.

The argument which shows that the small
representation will be the same all along a
symmetry element, breaks down for such points
in which two B-Z touch each other; if no such
touching is required by symmetry considerations.
In the case that the energy for a certain value of
k is the same in two B-Z, without this being the
result of the symmetry, we speak of an accidental
degeneracy.!* In points of accidental degeneracy,
the small representations of the two B-Z may

. be interchanged, but the case of such an acci-
dental degeneracy is explicitly excluded from the
following ‘considerations. One can see that it
does not occur for very large lattice constants,
though it may occur for the actual ones.

In the following sections, these results will be
applied to the three most important cubic
lattices, the simple, the face-centered, and the
body-centered cubic lattices. Since, for instance
all small representations of wave vectors in the
fourfold axes are the same, this small repre-
sentation will be called ‘‘the representation along
the fourfold axis" and a similar notation will be
used for the other symmetry elements,

It has been pointed out by J. C. Slater! that
the energy as function of k should be considered
as a periodic, multivalued function, the periods
being the vectors of the reciprocal lattice. The
""discontinuities’ then arise from considering for
some k one, for other k other branches of this
multivalued function. In our way of talking,
the periodicity is expressed by the fact that two
wave vectors differing by a vector r of the
reciprocal lattice, are considered identical. It is
convenient to single out from all sets of
“identical’ vectors one (generally the shortest),
and not to consider the rest at all. The manifold
, 1 The case of an accidental degeneracy will be treated
ins ﬁ: b{l C. Herring, to appear shortly, We wish to

than erring for interesting discussions on this
subject.

of these “reduced wave vectors’’ forms the inner
of the B-Z, their boundary in the k.k,k, space
(where the discontinuities are assumed ordi-
narily) forms the surface of the B-Z.

The energy as function of k has, furthermore,
all the symmetry of the (reciprocal) lattice.
This is clear, sinice wave functions with all the k
of a star belong to the same representation, and
have the same energy, hence.

IV,

We want to consider the effect of the time
reversal, first. This transforms k into —k. Thus
—k is always in the star of k, even if there is no
inversion center present: the energy as function
of k is always equal for k and —k. Just as for
x-ray reflection, the inversion is always added to
the symmetry of the problem.!

For a triclinic lattice, for instance, this means
that the derivative of energy with respect to k
is zero in the middle of the faces, edges and. at
the corner points of the B-Z, i.e., for

klxd+kyy‘+kll‘(-”dﬂ' (im1, 2, 3. (5)

One can see directly also, that the group of these
k contains the time reversal and the wave
functions are real, hence. Thus the average
value of the perturbation operator {3a) vanishes
for these wave functions and the energy change
goes with «2,

This cannot be claimed, however, for all the
surface of the B-Z, i.e., for pointe for which only

‘one of Eq. (5) is satisfied. The derivative of

energy with respect to k will not vanish in these
points and they will not really form the surface
of the Brillouin zone.!

According to the program of ssction III, we
shall determine now the small representations
and their connectiops in the different types of
B-Z for the simple cubic bedy-centered, and
face-centered cubic lattice , We shall begin with
the simple cubic:lattite, -although no metal with
this structure'is knaewn.

11 Cf, G, Friedel, Comptes rendus 157, 1833 (1913), For
a more critical disgussion of Friedel's rule, cf,, however,
e, P. P. Ewaldy arsicle in Handbuch dor Physsk, Vol.
23/2 (Beriin, 1933).

121t {s not always true, thus, that the & for which
8E/aﬁle:0. are those for which the Bragg conditions are
satisfied,
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Simple cubic lattice. Here the surface of the
B-Z is a cube as represented in Fig. 2, with the
cube edge 27/d. The inner symmetry elements
are:the center T, the threefold axis A, the fourfold
axis A, the twofold axis =, the symmetry planes
AZ, ZA and AA. The simplest way to obtain the
group of a wave vector ending on the surface is
to draw in all equally long wave vectors which
are ‘“identical” with it. The group of the figure
constructed in this way is the group of the wave
vector. For the arbitrary vector of the surface r/d,
ky,, k. ‘for instance, the figure contains the
vector &x/d, ky, k., and the group of the wave
vector is, hence, the symmetry plane Fk.k..
Similarly, for the point T, there are four vectors
+r/d, £7/d, k., and the group contains the four-
fold axis k, and all the symmetry planes through
it. It is holomorphic with the group of the wave
vector ending at A which contains the four-
fold axis k. and the symmetry planes through
this. The group of S is holomorphic with that of
Z; that of Z contains the symmetry planes k.k,
and, k%, and the rotation by = about k,. R has
the full cubic group like T'; M has the group of T
and, in addition, the symmetry plane k.k,.
X has the same symmetry.

The tables®® give the characters of the irre-
ducible representations for the groups of the
wave vectors designated in the upper left corner.
The corresponding representations will be the
“small representations’’ characterizing the B-Z.
The upper right corner contains the group
elements. E is the identity, its character will be

13 The representations of most crystallographic groups
were given already by H. Bethe, loc. cit,, reference 2.

All of them are given in E. Wigner, Gétt. Nachr. (1930),
p. 133.
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TaBLE 1. Characters of small representations of T, R, H.

3Ce 6Cy  6Cy  8Cs J  3JCa 6JCy 6JC1 8JC:
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-1
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-3
0 -3
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Ot e O
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o D et (D e

|
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o == |y
— R st RO —
|
[ T
e b e e b = e
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TaBLE 1. Characters for the small representations of 4, T.

AT E Ca? 2C: 2JCe2 2JC2
At 1 1 1 i 1
Ay || 1 -1 1 -1
A | 1 1 —1 1
a1 i 1 ~1 -1
3 | 2 -2 0 0 0

the dimension of the representation. C; is the
threefold axis; C,, the rotation by ==/2 about
the fourfold axis; C?, the rotation by = about
the same axis; and C; is the rotation about the
twofold axis; J is the inversion. JC, is the
product of J and C4, etc. JCq and JC4? are the re-
flections in the symmetry planes perpendicular
to the twofold and fourfold axes, respectively.
The figures before the symbols of group elements
denote how many group elements of that kind
are present in the group. The lower left corner
gives the notation to be used to designate the
small representation in question; it is always
given for one of the wave vectors only, as, for
instance, for T in Table I. The small representa-
tion of the wave vector R which has the same
character as I';y” will be designated by R,Y/, etc.
The lower right corner contains the character of
the group element above it, for the representation
to the left.

In order to save space we have included in the

TasLE II1. Characters for the small representations of A, F.

A F E 2C, 3JCs
Ay 1 1 1
A, 1 1 -1

As 2 -1 0
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TABLE 1V, Characlers for the small representations of Z, S.

AND WIGNER

TaBLE.VII. Compatibility relations between T and A, A, =.

S - E Cs

IS
———
-
——
L

tables some wave vectors (H and F) important
for the body-centered lattice only.

For the points dealt with so far, it was
sufficient to denote the group elements by the
symbols C,, Cs, etc., all the rotations about two-
fold axes being in the same class and having
the same character in all representations. But
for the point M, the rotation by = about the
fourfold axes k., k, is not equivalent to the rota-
tion about the fourfold axis, k,, which is per-
pendicular to the wave vector. The latter will be
denoted by C2L. Although the groups of the
wave vectors ending at M and at X are holo-
morphic, the element in the second group which
corresponds to Ci*L of the first is the rotation by
= about k., which is the axis parallel to the wave
vector I'X. It will be denoted by CZll.

TABLE V. Characters of small representations of M, X.

M [E 2C¢ CoL 2Ced 2C:  J 2JCe® JCa4 2JCid 2JCa

X |E 2Cen Can 2Ca0 2C: J 2JCéx JCail 2JCal 2JCy
M, |1 1 1 1 1 1 1 1 1 1
M, |1 1 1- -1 —1 1 1 {1 -1 -1
M, (1 -1 1 -1 1 1 -1 1 -1 1
M |1 -1 1 it -1 1 =1 1 1 -1
My |1 1 1 1 1 =1 -1 -1 -1 =i
M1 1 I =1 =1 —-1 -1 =1 t 1
Myl -1 1 -1 1 -1 1 -1 1 -1
M/l ~1 1 1 -1 -1 1 -1 -1 1
M2 0-2 0 O 2 0 -2 0 0
My |2 0 -2 0 0 =2 0 2 0 0

TabLE VI, Charact_ers of % representations of Z, G, K,

Z E Ca JC¢? JCax
G K. U E Cs JCs JCs
D E Cs JCs JCia,

1 1
-1 -1
-1 1

1 -1

N
-
— b i

This finishes the investigation of the symmetry
axes in Fig. 2, and there remain only the sym-
metry planes. A somewhat closer inspection will
show, however, that the small representations

¥} ¥ T T’ .Tn’
A 4 A4 Ar'Ag A'As
A As A AgA; AA;
Z 24 ZiZy Z3ZaZ4 2, 35%s
ry Ty Ty T '
A’ Ay A4y AAg AsAs
Ay Ay Ay A1As AsAs
b Zs 292 212324 22924

TaBLE VIII1. Compatibility. relations between M and Z, Z, T.

M, M M: M, MY MY My M M, MY

DD D N Z, P Zy Zy 2y ZZs T2
2, 2 Zs Zy Z: 2z Zi Z¢ Z2:Z¢ Z\2s
. T. Iy Ty TV TY Ty Th T Ty

TasLE I1X. Compatsbility relations between X and A, Z, S.

Xo X2 X+ X XY X¢ X¢ X¢ X Xt

A A A A A A A AL A As
Zy Zy Z, Z, Z: Z Zs 2
S S &S8O S 0S: S S S SS: SS

prevailing on the symmetry axes already de-
termine the representations for the symmetry
planes, i.e., they determine whether the wave
function will remain unchanged or assume the
negative value, if reflected in one of the sym-
metry planes.

A B-Z must be characterized by one each of -
the following 10 symbols: T, A, A, Z, R, T, M,
S, X and Z. If there is an accidental degeneracy,
however, the representation may change on an
axis, etc. Not all the combinations of symbols
corfespond to possible B-Z. The small repre-
sentation A on the fourfold axis must be con-
tained in the representation I' of the center,
if this is considered as a representation of the
group of A, and similar conditions exist between
all pairs of adjoining symmetry elements. Table
VII shows with which A, A, Z, a certain T
can be combined in the symbol of a possible B-Z.
The compatibility relations between R and T,
A, S, are the same as those between I' and
A, A, Z. (Table VII.) These compatibility
relations reduce considerably the number of
possible types of B-Z. In addition to these com-
patibility relations, there are others originating
from the four sets of wave vectors characterized
by k.=0; k.=k,; ky=Fk, k.,=n/d. Every wave
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vector satisfying one of these equations, has a
group consisting of a symmetry plane, and the
corresponding wave function will belong either to
the symmetric, or to the antisymmetric repre-
sentation of this group. This representation must
be contained in the small representations of the
axes lying in this plane. Table X gives, under +,

TABLE X. Compatibility relations on symmetry planes.

SYMMETRY PLANE + .-
Z1Z4 Z:Z3
k:=0 14245 Ar'AY A
2123 Zﬂzd
2123 2124
o=k, >k, A1As AzAs.
nT,)T, T.TW'Ts
A\A; AZAJ
ky=k, <k 5153 5284
A1Ay'As A28’ As
5154 5153
ky=x/d TZTsTs WTYT,
1Z4 223

those representations along the axes, which are
compatible with the symmetric representation in
the plane, and under — those which are com-
patible with the antisymmetric representation. It
shows that, for instance, Z, is incompatible with
Al’, Az’, Zg, ZA, Ag, Tz, Tll.

As an example, we may consider the three B-Z
which stick together at k,=k,=%,=0 having for
this wave vector the representation I's;. These
three B-Z will be separated along the twofold
axis, having there the small representations. 2;,
3, Zs, respectively (Table VII). We may con-
sider the one with Z,. This necessarily goes with
As along the fourfold axis (Tables VII and X),
and sticks together with one of the other zones
there. Along the threefold axis it may have one
of the two representations A; or As. We shall
assume that it has A,. For R, we still have the
choice of Rs, Ry, Ry’ or Res. We shall choose R,.
This requires, then, S, and T, and hence Z..
According to Table VIII, it will have M,’ and
according to Table IX, Xy'. Its whole symbol
will be FMZQAsAaRuTzS;Z‘Ma,Xa’ and we see
that most small representations were uniquely
given by the compatibility tables and the
previous choices.

We believe that the above description of B-Z
for the simple cubic lattice is complete from the

point of view of symmetry. We are well aware,
of course, that many of the types which are
possible geometrically will not be important
physically, since they have, for example, too
high energies. It appeared to us, however, that
for the sake of clarity a complete geometric
discussion should be given once for a simple
case.

The construction of the compatibility tables is
very easy. If one is interested, e.g., in the com-
patibilities between £ and M, one considers for
M the characters corresponding to elements
which are contained in Z. These elements are
E, Cy, JC&L, JCy (one must take JCZL, not
JC¢&, since the latter are the symmetry planes
k.k,, k., which do not occur in the group of Z).
The corresponding characters in Mj;, for instance,
are 2, 0, —2, 0. One sees that this is the sum of
the characters of 2; and Z; and these are, conse-
quently, compatible with M;. Thus it will not
be necessary to give the compatibility relations
for the other lattices explicitly.

VI. Bopy-CENTERED CuBIC LATTICE

The shape of the surface of the B-Z is self-
evident in the simple cubic lattice but not in
the body-centered lattice. The identity periods

.can be taken as three space diagonals, with

coordinates 1/2d, +1/2d, +1/2d. The shortest
vectors of the reciprocal lattice are the face
diagonals, with coordinates 0, +2x/d, +£2x/d;
+27/d, 0, £2x/d; £2x/d, £2x/d, 0. Since the
inner of the B-Z should contain only different
vectors k, the addition of a vector of the re-
ciprocal lattice to a k lying inside the B-Z must
lead to a vector in the outside. This is most
simply accomplished by choosing the rhombodo-
decahedron of Fig. 3 as the surface, in. which
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opposite faces just differ by a vector of the re-
ciprocal lattice. The distance T'H is 27 /d.1

The symmetry elements in the inside of the
B-Z are the same as in the simple cubic lattice,
I', A, A, 2, and the compatibility relations
between these are also maintained. The point H
has, however, the full cubic symmetry, since the
vectors of the reciprocal lattice transfer it to
all the end points of the coordinate axes. The
point P is identical with three similar vertices,
forming a tetrahedron.

TaBLE XI. Characters for the small representations of P.

P E 3Ca? 8Cs 6JC 6JC:
Py 1 1 1 1 1
P, 1 1 1 -1 -1
Py 2 2 —1 0 0
Py 3 -1 0 -1 1
Py 3 -1 0 1 -1

TaBLe XI1. Characters for the small representations of N.

JC:L  JCanl

1 1
-1 1
1 -1
-1 -1
1
-1
1
-1

N E Ce Csll

1

-1
-1
1
1

2
e
|
AU
| I
RLURLRLLI

The small representations for the other points
were already given in the previous tables. We
shall not give the compatibility relations be-
tween axes and points, since they are easily
obtained by the method outlined in the previous
section. It may be mentioned that the group of
the vectors ending in a general point of the
surface is the symmetry plane JC.. The following
relations are analogous to those of Table X.

TasLE XI11. Compatibility relations for symmetry planes,

SYMMETRY PLANE + —
k=0 2124 M1y, Gi1Gy 2,25, 8/ Ay'As, GiGy

ko=ky >k, 2123 AiAy, DDy 2324, AzAs, DDy
k,=k,<k; A1Az, A1AYAy, Fu Fs AzAs, AsAY'As, FoFy
k+ky=2r DD, Fx'Fu, GG DDy, FyFs, GaGy

W The vectors k in the inside of the B-Z are transformed
under this choice again into vectors in the inside by every
symmetry element.

Since the surface of the B-Z is a symmetry
plane, the derivative of the energy perpendicular
to this plane is zero on the surface.

VII. FACE-CENTERED CUBIC LATTICE

The B-Z of the face-centered cubic lattice have
a rather complicated structure. The reciprocal
lattice is the body-centered lattice, the shortest
vectors of which are the space diagonals with
components =+2r/d, +2r/d, +2x/d. If we
assume the inner of the B-Z to be bounded by
the octahedron with the 8 planes +xty+z
=3x/d, then no wave vectors of the inside will
differ by one such vector. Neévertheless, some of
them .will be equivalent, differing by the sum
of two shortest vectors of the reciprocal lattice,
+47/d,0,0;0, +47/d,0;0,0, £4r/d. In order to
exclude these, one must cut off the corners of
the octahedron by planes parallel to the coordi-
nate planes at the distance £2r/d from these.
The resulting figure is the well-known truncated
octahedron of Fig. 4. With this choice of the
surface of the B-Z, every wave vector of the
inside will go over into a wave vector of the in-
side by all the symmetry operations. This
requirement, however, which determines the
whole shape of the surface for the simple cubic
and body centered cases, fixes the surface here
only at the truncating planes, but not at the
octahedral planes. One could, for instance, bulge
out in all octahedral planes the part which is
shaded on one of the planes in Fig. 4 and bulge
in by an equal amount the unshaded regions.
The resulting surface would still satisfy all
requirements. The truncating planes, on the
other hand, cannot be deformed. If we pushed
out a point on the k,=27/d plane, we would have
to push in the corresponding point on the
k,= —2w/d plane. After this, however, the re-
flection on the k;k. plane would carry over wave
vectors of the inside to the outside of the surface
of the B-Z.

The B-Z is always uniquely determined if there
is a symmetry plane perpendicular to the vector
r of the reciprocal lattice,!® which generates that
part of the surface. In this case the surface lies
at the distance /2 on both sides of the symmetry
plane. This was true for ‘the vectors parallel to
the coordinate axes which generated the surface

15 Cf, Eq. (2a).
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for the simple cubic lattice, it was true for the
vectors parallel to the face diagonals in the body-
centered structure and it is true for the vectors
generating the truncating planes in Fig. 4. The
situation for the octahedral plane of Fig. 4, how-
ever, is similar to that for the triclinic lattice and
will be shown to have similar consequences.

Although the surface of the B-Z is thus left
undetermined by general requirements, it is
certainly allowable to assume it to have the shape
of Fig. 4.

In the inside of the B-Z we have again the same
situation as for the simple cubic lattice with the
same compatibility- relations holding between
the small representations of I' and the two-,
three- and fourfold axes. This also applies to the
points X, S and Z on the cubic plane. The point
W is identical with three other points of the
surface, two of which are shown on the figure,
while one at the bottom is hidden. The small

TaBLE XIV. Characters of small representations of W.

w E Ca 2Cy 2JC 2JCe
W, 1 1 1 1 1
/4% 1 1 1 -1 -1
W, 1 1 -1 1 —1
w,' 1 1 -1 —1 1
W, 2 -2 0 0

L E 2Cs 3Cs J 2JCs 3JCa
L, 1 1 1 1 1 1
L, 1 1 —1 1 1 -1
Ls 2 -1 0 2 -1 0
Ly 1 1 1 ~1 -1 -1
Ly 1 1 -1 ~1 -1 1
Ly 2 —1 0 -2 1 0

representations for the points K and U were
given in Table VI. L is identical with its antipode.
The points Q on the line LW cannot be moved in
or out. They belong to the surface, since they

are carried over into themselves (i.e., into the
“identical” point on the opposite face) by the
twofold axis bisecting the Z and —X axes.
The wave function of the wave vector ending at
Q will be either symmetric or antisymmetric
with respect to this rotation. In the former case
it is compatible with L;, L/, Ls, Lg’ on one side
and with W1W,'W; on the other. If it is anti-
symmetric, it is compatible with Ls, Ly, Ls, Ls
and Wg, Wz’ and Wa.

The group of the points on the lines LK, KW,
LU, UW contains only the symmetry plane on
which they lie, they have no additional symmetry
owing to their position on the surface. This is
natural, since the surface can be shifted away
from them. The Compatibility Table X holds for
k:=k, >k, between Z and A, but there is nothing
to replace T, and T must be omitted also from
the last section of (k.= x/d) of this table. The rest
of the table remains valid, however, and should
be supplemented by the compatibilities just
given, owing to the symmetry of the point Q.

The surface of the B-Z at the octahedral
planes cannot be chosen in such.a way that the
“identical” point k;—2x/d, k,—2r/d, k,—27/d
to every point of the surface could be reached by
a symmetry operation also. This has the conse-
quence that the derivative of the energy per-
pendicular to the somewhat arbitrarily chosen
plane octahedral face will only vanish on the
diagonals (LW) corresponding to the separating
lines between shaded and unshaded regions. On
the other hand, it will have the consequence also
that the energy for k.,=n/d+u, ky=n/d—u—v,
k,=w/d+v will be equal to the energy for
—7r/d4u, —w/d—u—v, —x/d+v and, because
of the twofold axis, also equal to the energy for
7/d—v, n/d+u+v, r/d—u. The energy as func-
tion of k will be symmetric with respect to the
line LW on the surface and, hence, will have
on the octahedral surface, a sixfold rotational
symmetry.



Crystallographic Groups
Schoenflies Classification for Point Groups
References

Schoenflies, Theorie der Kristallstrulitur, Berlin, 1923,
Placek, in Marx, Handbuch der Radiologie, 2nd ed., VI, p. 279,
Seitz, Z. Krist., 88, L33; 90, 289, and perhaps IELer papers.
Bethe, Ann, der Physik 3, 133 (1929 ),
Nice pictures in Ewald, Handbuch der Physik XXIV, p, 208,
R. S. Mulliken, Phys. Rer o« 13, 279 (1933}
Rbsenthal and Murphy, Re . Mod. Thys, vol, 8. '
L. Wigner, Gott. Nac, 1930; E. B, Wilson, Phys. Rev. L5, 706 (193L),
and J, Chem, Phys, 2, 132 (1934). (Application to ficlecular Vibrations,)
Eyring, et al., Quant@n Chemis try,

Schoenflies Notation
i = inversion center, ¢ = symmetry plane, Cp = gymmetry axis, pericd 21/pa
S_ = reflection rotation. Some authors define as rotation followed by
P refiection in a plane perpendicular to axis of rotation: -some as rotaticn

followed by reflection in the center of inversicn, ™igner uses the
latter convention,

Note that
(3,7 = C_ps (5,077 = G, (p/2 even),
C2%n T Til2 T s
Cél = 1~02 =y

In general o, denotes a symmetry plane perpendicular to axis of symmetry,
while o, Means one containing the axis of symmetry.

There are 32 different crystallographic groups, but this listing involves

numerous redundancies due to isomorphisms, In all there are 1l reaily

different kinds of so-called point groups, but two of these involive icosahedrtn
structures vwhich cannot be extended into space groups so as to taild crystals.

The so-called space groups involve translation as well as just symmetry operations
with respect to a point. It can be showm that there are 230 different space
groups.

Point Groups .

lQ C [ ] 2. S L]

D p
3. va. Here va means that besides the symmetry Cp, there is a symmetry
plane 0,, containing the rotation axis. The, existence of the symmetry Cp

implies that there are p=1 other such planes,
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Note that the leaves of the planes come at intervals m/p, not 2m/p,

i, D =-dihedral group, Cp and a thereto pverpendicular twofold axis determine
p-1 further twofold axes, that intersect in a point and make angles n/p with
each other,

5, Cphpp and'a thereto perpendicular planeiY%3

6. Dpd' 2._. Ifin Dp we introduce a vertical plane that halves the angle

between the two axes, then there are p-l further such nlanes, and there is
thus a rotation reflection axis Szp_determined, ' )

To Dpho If besides va, there is a plane a7y perpendicular to the axis, then
the intersection of Ty and (Th determine a twofold axis 62.
Special Cases
V= D2 = four group
vV, = D2ho Equivalent to V and a symmetry center, Three symmetry pianes tihrougn

h
the three axes are determined,

V.=D Bauivalent to V and vertical plane that halves the ftwo axes, The

d 24*
symmelry requires that there be another such plane, and a fourfold rotation
reflection axis Shc

8=12 Cubic Croups

These are best understood by means of a cube, whose surfaces are intersected
at their midpoints by the twofold axes of the four group V.

8. T = tetrahedral group. If one puts a threefold axis alcong a cuhe body
diagonal, then three further threefold axes are determined in virtue of the
symmetry, along remaining body diagonals,

9. T.. One of the twofold axes of T becomes a fourfold rotation-veflectiocn
axis. The same holds for the other twofold axes. There are then planes of
of symmetry through each two body diagonals~-six such planes in all, Note
that T4 represents the symmetry that one has in connection with an ordinary
model of a tetrahedron, whereas T represents the symmetry of a model that it
would not be legitimate to turn inside out,

10, O = Octahedron group (or cubic group). One of the twofold axes of T
becomes a fourfold axis, Same applied to others, There are then six twofold
axes not found in T (surface diagonals),

11. Th = T and a symmetry center at cube center,

12, Oh = 0 and a symmetry center at the cube center.
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13. I, Simple icosahedron group, Group of the spacial rotations of an '
icosahedron (20 equilateral triangles) or a pentagon dodeczhedron (12 pentagons),
There are six fivefold, ten threefold, and fiftecen twofold axes,

1h. Ih' Complete icosahedron group with center of symmetry included,

Number of elements

Lp for D D

p forC , S D,C oh? Ppv,

p’ “p’ pv’ “p’ “ph’
12 for T, 2l for Td’,o’ Ty L8 for Ops

2p for C

60 for I, 120 for I,.
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RULE FOR CCNSTRUCTING BASIS VECTORS
WHICH TRANSFCRM IRREDUCIBLY

IT one has a set of basis vectors whose transformation
scheme 1s known for the various group operaticne, and 1f the
matrices for the group elements appropriate to the various
lrreducible representations are known, then the procedure des-
cribed below enables one to construct linear combinations of
these basis vectors which transform in fashions apvpropriate
to 1lrreducible representations, In other words, these linesr
comblnations span invariant subspaces, Note that this rule
in a certain sense tells one the answer only if one Xknows the
answer, 1.6, 1f the matrices for the irreducible representations
are knowu, Nevertheless it is a useful one when one knows the
matrices for 1lrreducible representations and desires to reduce
out explicitly some given representation,

Let ¥ bve a given basls vector, and let Y. be the basis
vector which 1s generated by applylng the ooera%ion R, so that

s —-1\3 N _
RP =¥, . wote tnat By =T, s F=F, | ans ¥ -1 =%, 1

A
The rule is the following: Let the D( )(R) be the matrices
i?DrODflate to an irreducible representa1lon of dimen31onality
1o Then the basls vectors

4 -
f"'{’y: zR Il;;/)(R):PR—l (pifixed, v/ varilable) (1)

are a set offl basis vectors which have the transformation
properties appropriate to this given irrecduclble representation,

or in other words }2
R'U"EP = g p BV(R)'U'EPB (2)
Proof of (2). One has ‘f
9 s i) () Fop

or if one sets R = Q

_ (4) 7
{L\Pz,_ BgBgD e (8)Dgy, (@) Y1

There are 1€ cholces for gtin (1). This geans thet our rule
is in the most genelal case capable of giving £, sets of basls
vectors, each of wnich trani&orms in the scheme appropriate to the
irreduolble representation 1o This corresponds to the fact that
the regular representation contains this representation 1 tlmes.
However, 1t may happen that the linear coabinations given by (1)
vanish for certain choices of ,ﬂ In other words, the manifold
to be reduced may not span all 1navariant subspacesO If, in
particular, the given representation is irrecucible, 1t is easily
shown that choices of , but one will give one only zero,

Note that the formula (6), p., .11k of Wigner is incomplete and
hence misleading, as it gives only one of the.fl vectors required
to span an invarlant subspace, viz. the one corresponding to

A



Exercise

Consider the group of elements corresponding to 1, al, 82,

aeK, "‘1, ‘al, —a2, ¢ 0y -a2K’ “ 00 ey —alaznoa T

SN

agK’.....l )a1a2 e @
where the at's are 2K anticommuting quantities such that

aiaj + aJ.ai = 2 831. Show that the total number of elements is

2 X 22K .
Case I. 2K even,
Show that the number of classes is 22K + 1, Show that there
are 22K one-dimensional representations, and one representation of

dimensionality 2K. Show that this latter representation is
faithful. (Hint: a sufficient conditvion for faithfulness is that

no element have the same character as unity.)

Case II. 2K oadd,

2K

Show that the number of classes is 2 + 2., Show that there

are 22K

one dimensional representations, and two representations of
dimensionality 2K-%. Show that these two representations are
faithful if 2K = 3, 7, 11, and unfaitihfuvl if 2Kk = 5, 9, 13,....
(The latter case shows, incidentally, that it 1s possible to have a
group all of whose representations are unfaithful). Discuss the

factor groups in the case of the unfaithful representations of

dimensionality greater than one,



The Dirac Theory of Characters (PRS vol, 123).

Dirac's maJjor observation is essentially that the sum of the
matrices of all the elements of a given class commutes with all the
matrices representing the different elements of the group, He there-
fore proceeds to diagonalize this sum, which he denotes by the letter
omega, The eigenvalues of the omegas may be denoted by affixing
primes, and when all the omegas are simultaneously diagonallzed we
say that the system is Dirac-reduced. Note that the omegas, without
primes, have meaning for an arbitrary representation. From the grouy
multiplication table and the rearrangement theorem, it 1s readily seen
that the omegas are the most general polynomial functions of the group
elements which commute with all the elements of the group. A given
Dirac-irreducible representation is characterized or labelled by the
simultaneous eigenvalues of the omegas belonging to the different
classes, A matrix representing any element of the group clearly has
block structure-relative to these eigenvalues, Note especially that
the labelling involves giving the simultaneous, compatible el.genvalues
of all the omegas corresponding to the different classes, One wonders
at first whether Dirac-irreducibility corresponds to ordinary irreduci-
bility, but 1t is not difficult to see that the two definitions corre-
spond,.* In the first place, his omegas commute with all the matrices
representing the different group elements, and hence must be constant
within an irreducible representation in the ordinary sense, Further-
more the regular representation shows that a linear dependence
between the omegas belonging to different classes 1s lmpossible and
hence there must be at least as many different sets of eigenvalues of
the omegas as there are classes, However, we know that there cannot
be more primitive characters than there are classes. Hence no reduc-
tion beyond Dirac reduction is possible, As a corollary we have a
proof that the number of primitive characters equals the number of
classes--- previously we only proved that the number of classes was
an upper bound to the number of irreducible representations,

The eigenvalues of the omegas can be calculated from the al-
gebraic equations which they satisfy and which follow from expressing
powers of the omegas as linear combinations of omegas by means of the
group multiplication table, Dirac defines character as a set of
simultaneous elgenvalues of hls omegas, divided by the number of
elements in each class, Since Dirac deals with eigenvalues rather
than dilagonal sums the ordinary definition of primitive character
differs from the Dirac one by the dimensionality but the latter is
readily spotted from the normalization relation satisfied by primitive
characters,

*Except, of course for the possibility of a given irreducible
representation being repeated, In the latter event diagonalization
of the omegas only insures that the blocks be of dimensions In where
I is the dimensionality of the irreducible representation and n the
number of times it is repeated.



Application of Group Theory to Small Vibrations,

References:

Wigner, Gottinger Nachrichten, 1930,
E. B, Wilson, Phys, Rev, 45, 706 (1934).

J. Chem, Phys., 2, 432 (1934),
Rosenthal and Murphy, Rev, Mod. Phys., vol, 8,

The standard theory of small vibrations (any dynamics textbook)
1s based on potential and kinetic energies that are respectively L.omo-
geneous quadratic functions of the displacement coordinates, and cor-
reaponding velocities

1 mo. L 5
A V=532, 9 A I'=73%2 b, 4
Application of lLagrange's equations leads immedlately to the secular

equation,
2,..,2 . _

-qubjk*‘djk = 0,
It can be shown that the kinetic and potential energles are simulta-
neously transformable to sum of squares, i.e,,

_ L1 - I 2
T =73 2 By V=3 3y Ap Qp

The Qy are simple harmonic functions of the time and called normal co-
ordinates,

At first sight, inspection of the secular equation leads to an
algebraic equation of degree 3n for determining the vibration frequer -
nles, i1f the molecule contains n atoms, Allowance, however, for the
fact that rigid rotation and translation pretty obviously correspond
to zero vibration frequencies, shows us that 6 of the roets must be
zero, and that there can be only 3n-6 independent vibration frequen-
cles, The great service of group theory is to show that actually,
when there 1s symmetry, the secular equation factors, and that roots
often coincide, so that actually the algebraic degree i1is much less,

The starting point is the observation that if we make any of the
covering operations corresponding to the covering cperations of the
group, the new displacements are linear functions ¢f the old, and
hence the theory of substitutlon groups is applicable, The represen-
tation 1s obviously one of dimensionality 3n, In generar 1%t 1s redu-
cible. This means that by introducing linear transgformaticre from ths
criginal gq's to appropriately chosen other cosrdinates, called symme-~
try coordinates, the 3n dimensional carrier space decomposes into in-
variant subspaces, A simple argument shows that symmetry coerdinates
corresponding to different irreducible representations are not on
Ygpeaking terms” in the secular equation, Furthermore, if an irredu-
cible representation is of dimensionality k, the corresponding vibra-
tion frequencies are k-fold degenerate, or in other words the corres-
ponding roots of the secular equation coincide in groups of k., When
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account is taken of syrmetry, the effective degree of the factored
secular equation is the number of times e given irreduclble represen-
tation is contained in the given original “%n fold .- (reducible)
representation, diminished &y the number of times this given irreduci-
ble representation is contained in rigid rotation and translation.

To compute the number of times a given irreducible representation
occurs in we use the theory of characters. We nesd to know
(a) the primitive characters of the relevant symmetry group.
See the Mulliken tables for this.
(b) the character of the original 3n dimensional represen-
tation., -The rule for this is

X R
2.8

il

(1L + 2 cos ﬁR) ° U for & rotation through-an angle {,

R

]

(-1 + 2 cos ﬁR) 4 UR for a rotation-reflection,

Here Up denotes the number of atoms left invaeriant or unpermuted unc.e
the covering operation in question. The upper or lower 81gn applles
acoordlng as rotation-reflection 1s defined as

. rotation followed by reflection in the center, or as rotva-
tlon followed by reflection in a plansc.

(c) the characters corresponding to rigid translation, viz.

YR = (1 + 2 cos QR) for a rotation

7Kf1= (-1 % 2 cos Qq) for a rotation-reflection
(d) the character corresponding to rigid rotation, viz.

~ R = (1L + 2 cos ¢R) for a rotation

xR = (L + 2 cos ﬁR) for a rotation-reflection

One subtracts the characters of (c) and (d) from (b). This gives the
effective character to be reduced out according to (a).

Note thet symmetry coordinates are in general not normal coordi-
nates unless the corresponding irreducible repressntation occurs onlr?
one . e existence of
the symmetry coordinates can be inferred from the th=-ry o7 characltc: .
They can be found by reducing out the group. On the ovher hand, tbhic
determination of the normal coordinates requires in general explicis
solution of the factored secular equation to find the appropriate
linear transformation to them.

Even though a given type of molecular vibration spectrum exists,
it may not show up in absorption spectra, or in other words may te
infra-red inactive. Since ordinary absorption can result only if
there is-an electric dipole moment oscillating with the frequency in
qQuestion, and since the electric dipole moment transforms like a
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vector, i.e. like & trenslation, only those vibrations are infra-red
active whose primitive charccters are contained in (c).

In the Reman effect one observes things which trensform like
a quadratic form. The generel quadratic form contains9basis vectors,
but can be decomposed into {4) an inveriant, (B) & 5-dimensional’basis
corresponding to the remainfer of the symmetricel direct product, and
(C) the antisymmetrical part. Obviously (4) has the same character as
that of the identicel represeatation. The character of (B) is

X R = 1 + 2 cos ﬂR + 2 cos 2 ﬁR for 2 rotation

~ R = 1l + 2 cos ﬁR + 2 cos 2 ¢R for a rotation-reflection.

The character of (C) is the same as thet of (d) sbove.

In practice (C) seldom occurs in the Roman effect (specifically
only if the electronic state of the molecule is degenerate, and one ir
near resonance), sSo that one usually forgets all about the possibil-
ity (C). The character of (d) is also that of magnetic dipole radia-
vlon, but in practice any magnetic moments associated with molecular
vibrations are of negligible intensity as regards radiation. A vibr~
tion is Raman-active, (barring excevtions of type C) only if its ir-
reducible representation is either the identicel one, or has one of
the primitive characters contained in (B).

Some incidental results regarding the type of polarization in
Reman effect can be obtained by the exemination of the characters,
The depolarizetion ratio is defined as the ratio of the intensity ot
the scattered light whose electric vector is parellel to the incidenw
beam to that perpendicular to this beem, with the understanding thet
the direction of observation is «lso perpendicular to this beam. Tha
depolarization ratios are zero if the vibration is totally symmetrica
(identical repressntation) nnd if the identicsl representstion is not
contained in (B). The depoicrizetion ratios for plane and unpolarizzd
light ere respectively 3/4 and 6/% for s non-totelly-symmetric wibra-
tion contained in (B). A totally symnetric vibration whose character
i1s contained in (B) as well as {4) will in general have a depolariza-
tion ratio intermediete between zero and these values., For (C) thess
ratios are  and 2.



Most Generul Form of a Snatially Invuri.nt Differentlal Lquation
(\Tgner, Chape XIX.) D (LT <Ne 0
A

&P (l_) *
Z’-J % “’ﬂVZHK L o Mk

where ' are ..ul.rian angles, und the coofficiontsf
are funct'ons only of the "internal coordinates, For the usymme -
cal top, these coefficients ars constants. For the symmetrical top
t za)ia only onc term. Thus the representation coefficients

are the same a3 symmetricel tone¢ wave funct'ons. Tesseral
ha ca correspond to the specialization K=(), and Legendre
polynomials to the further spacialization M:a

Raduction of the direct roduct
AE ke, 0 (1)

ir r.he var., ~ae f‘unc{:j ofif are consistent‘ly normali zed}jbtho A's are
the celebrzted \'gner coefficlents., Insteand of the method of

hap. XVI of Wigner, a perhaps more elegant ?thod of computing the
's is furnished by the observaticn that if and £ transform
in the same way, then f)? 7, €213 an 1nvariant whyt), am‘f’ hence
the coefficient of XA (x a parameter) i n«nltanen&a}aet-{ust

CEn-£n)tE X4 2 )0 1xm) AT (23

inp‘_)multinomial of just ;he‘ ¢ransformation properties osired f)or
%
M /2-#3‘ \I\ 2 - /¢¢62 er I"‘-M(‘,,) |

The Wi er coefficy \i:a nxz fthen g‘bvon by ,Z
-, Lyri, j
w = A lt; 2 x,

I
£ %, W*‘?Vﬂyﬂ
provided the conat&ht C’X&”%b abtgrmined thot thofgum of the SQUur08(£
of the ooorficio7&9Ala unityo. Here derstes- ' _° denotes the ~
coefificient of x in (2) chosen in accordance witn (3)e
For detailed working out of the coefficlenta in this way see
Eckart, Rev. Mod. Phys. vol. 1, p. 361 ff,

Relative Intensities of Zeemun Components by Group Theory.
The key obao?‘\'r_f;i,{on (8 that If the 2 ,are, gonsistently normalizec

JZ, & Gdbdpdy = 5° &, cneZ
Honco, 81““(}'\7‘- /IE. —,.LZ_{’(X—.&%)/V" tranjfﬁm 11ke +” L& df

ey )
‘jy (X —4{)/ ym’ q// B /4 = ""‘

whore is 1ndependont of /» or /;7 o

A 2'»#/

L very elegant variant of this procedure 18 the Kramers
symbolic methodi, based on spinor snalysis, for hich loa 1l
collected workao, or Proc, Amsterdam Acad. vole 35, p. 9
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Mathematics 264 Fell 1950

Proof of Tdentlty of Ropresentation Coefficients as given in
Wigner with .Jave FuncLions sabislying the Differentisl Aquation
of the Symmetrical top, or with ord:nary Tesserel Harmonics when
one of the Fulerian anzles 1s missing.

(Proof due to John T. Tate, Jr.)

The symmetrical top functions, which are most conveniently expressed
‘n terms of Jacobi poljnomlals can be written in the form

-H.(-n’oLf’rb)’)( ) ”:&*W)’(ﬁ* : H,
e e e (&Z}jif )me)i)”" >

)(2_
. - 1+ 8
wnere x = L1 Co8 B
Here G, denotes the Jacobl polynomial
N -
G ( )_(q N (-0~ ,a{N I:N+a" (I- )N'}—?‘} ?’l
N Vg X ($+N~q!
so that = -n Lan 1';]
ilﬁﬁ:CZ7J+/;0v%mj+4x)= Cj;:“g, (?v+nﬁlﬁi—zr; X (1-x) J

(2)
For proof that the symmetricael top functions are expressible in terms
of Jacobl polynomials, see Reiche and Rademacher, Zeits. f. Physik
39, 444 (1926), or Kronig and Rabi, Phys. Rev. 29, 262 (1927). The
differential equation of the symmetrical top is

A Y cosd VY A AT ke Dco )
6/9”* sin 8 048 +'( %ﬁ{?fg);;‘ﬂi qnx *ﬁ;y%é sﬁmlz;é éi:gy
ZE“:‘:&‘E‘P=O

+

where A,B(=A), and C arc the princival moments of inertia, To siow
that (15 actually satisfies the eyuation of the symmetrical top one
fir%} verifies that tne ecquatlon 1s satisfied for the special case
n'=J¢ , ant then shows incuctively by differentiation that it 1s sat-
lsfied by velues of nt! progressively one unit smaller, The
particular form of the Jacobl polvnomiesls which we use is that given
in Courant-Hilbert, liethoden der Mathematischen Physik, p. 75. The
wave function (1) 1s also, except for phase factors, the same &8s
given by the writer in Phys. Rev. 33, p. 476, iq. (17). (The factor-
ial sign there after 1+d+s+2p is a misprint. In this connection it
should be noted thet the wrve function of (17) is normalized to 2,
rather than 4m/(2.€+1),

The ordinary Rodrigue definition of associated Legendre functions
is included as a special oase, for 1f we set n—O the expression (1)

becomes - ’
+4‘r\.a" )l-n (L+x") X T(!-X) T x{I— ﬂ
\Z=>0f LT ey
or if we use the notation = cos B, m =-n'

(_l\me,amx I Q(,Zqu)‘ (I z”"’/’-i_é/i;:"_ [(/«L-/H
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ixcept for a phase factor, tiils expression 1s the standard one for
defining essociated Legendre functions. The factor N(d-m) (£ +m)}
arises because our functions ere normalized to 4m/(2{+1l) whereas
the associated Legendre functions are normalized to arr(f+m) 3/ (€=m) !

]ﬁ}we use the Feibnitz r%%e for differentiation, viz.,
A L) e = lNa, dNlg, ol
"‘——-—T Ol o= LYy + hnd J’+_ obr e

we see thet the expression (2) is the sepe as N
’\"M‘-n’“w )77_-71’<7’+_ )] A= (1) ==K (fop ) ()} %,
- X A : KlI(l-n' -k +n ~K) (n' -7 7w ™
/
o ik
xZ?‘h. !f;{i,(/_x\)'h I+ K

K=o

Hence (1) is the sesme es

e 0K N2 L SR (L3 AT
e.;.,,(%a.,un HZ KL~V (L FrK) (=1 + K)) N ,
K o =K - 'n’)( K=E(n-)

/-X)

This is the same as Jigner's formula (27), p. 167, if we identify
K,n, n' with %, By gl

As a corollary of our proof, note that we have verified the

normalization factor in (1), which reauires a little calculation by
the direct approach,
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12,

13,

14,

15,

16,

17,

18,

Review Topics
rhysics 264

Definitions, Group ,order, sub-~group, coset, period, ectc.
Criterion for identity of two cosets.

The rearrangement theorem,

Prove that the order of a subgroup is a divisor of the order
of the entire group.

The concept of class, Self-conjugate subgroups. Factor groups.
Isomorphy and homomorphy.

Representation of a group by linear substitutions or matrices,
The concept of carrier space spanned by basis veectnrs. Unitary
and orthogonal transformations,

Prove that the transformation matrix of the coordinates 1g the
Transpose of the reciprocals of the transformation matrix of
the basis vectors,

Suppose we have two manifolds M and ¥ connected by a transform-—
ation S. Then & tragfformation D applied to M generates in W
the transformastion S8 “DS, This theorem is very immortant, Be
able to prove.

The concept of reducibility and interpretation in terms of in-
variant subspaces,

Faithful (isomorphic) and unfaithful (homomorphic) representas-—
tions,

Elementary algebralc definitions and theorems, The concept of
an equivalence or canonical transformation, Unitary and Her-
mitean matrices, Invariance of dlagonal sum, Eguivalence of
reduction of matrix to “lagonal form by mesns of a unitary
transformation to transformetion of a Yermitean matrix to sum
of squares of modull, Note th:st the equivalence is lost when
the transformation is not unitary.,

Characteristic values of matrices, Does a matrix have charac-—
terlstic values even if not diagonalizable?

Know the theorem that any Wermitean o™ any unitary matrix can
be diagonalized by means of a unitsry transformation, but omit
proofa

Omit proof that any two matrices Adiffering from each other only
in corresponding permutaticns of rowe and columns can be trans-

formed into each other by means of an eqguivalence transformation,

Necessary and sufficient condition for a matrix to have a recip-
rocal 1s thet its determinent not vanish,

Prove that the necessary and sufficient condition that two
diagonallzable matrices be simultaneously diagonalizable 1is
that they commute,

Prove that any matrix which commutes with all the elements (ma-
trices) of an irreducible representation 1s a constant.

Prove that every renmresentation of a group with non-vanishing



18,
19,

20,
21,

27 .

28,

29,

30,

31,

32,
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determinant can be brought into unitsry form by means of an
eguivalence transformation,

State Schur's lemma, Be able to rrove, assuming the results of
18,

Derive the "wonderful orthogonality theoren" from Schur's lemma,
©

Character, Why is it so important and useful? Whet are primi-
tive characters?

The two kinds of orthogality relations for primitlive characters.
Be able to deduce the first kind from the "wonderful orthogon-
ality theorem', Derivation of the relastion of the second kind
from that of the first kind merely utlilizes the equlvalence of
left and right sided reciprocals,

Dirac's anproach to character,

The regular revpresentaticn, Prove that the number of different
sets of primitive characters cannot be greater or less than the
number of classes,

Prove thet the reguler revpresentatinn contains ceach irreducible
repregsentation a number of times equal to 1ts dimensionality,

The "machine" for constructing basis vectors which transform in
a fashion appropriate to an irreducible representation, Prove,
Note that the machine may not furnish basis vectors for all the
different irreducible representations, as the carrier space to
wnich 1t 1s applied may not contailn all possible types of in-
variant subspaces,

The direct product of two representations, The symmetrical and
antlsymmetrical product of a representation with iteelf, Dis-
tingulsh between the direct product of two representations and
the closely allied concert of the cdirect procduct of two groups.

Omit proof of the Lorentz inveriance of the Dirac equation by
means of the propertles of a certain group with 17 classes,

Don't attempt to memorize the 32 Adifferent point groups, or thelr
representations, Know, however, what the notation means.

The tranesformetion properties of vectors, second rank symmetri-
cal (Reman) and anti-symmetrical (magnetic dipole) tensors un-—
der rotation and reflection. (Elementary, but baslc and im-
portant),

Molecular virrations, Idea that the transformation of the small
displacements under the symmetry operations furnishes a repres-
entation of the group, in general re“ucible, Subtracting out of
irrelevant rigid translations and rotations. Be able to indi-
cate schematically how the seculer equation factorizes in terms
of different irreducible representetions and their components.
Omit proof,

Given the model of the molecule, the molecular symmetry type and
1ts character table, be able to determine how the secular egua-
tion factorizes, and whether a vibration ls infra-red active, and
whether it i1s Raman active, OCmit volarization nroperties of the
Raman effect,



36,

37,

380

39,

40,

41.
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The generalization of the "wonderful orthozality theorem" and
the orthogonality relations for character to continuous groups,

Tdentification of class for the rotation group with the amount

3f "total rotation", Deducticn of characters for the irreduc—-
ible representations from the elementary properties of spherical
harmonics, How is the lrreducibility nroved? Show that the
orthogonallty property, furniches uniguely, except for a constant
factor, the volume element apyropriate to the integration, This
element 1s hard to obtain in a direct, rigorous fashion,

The homomorphy of the unitary group in two variables andé the ro-
tatlon group. Resulting machine for generating the transforma-
Tion coefficlents or matrices for the irreducible representax
tions of the rotation group.

Correlation of the degree of degeneracy of cquantum-mechanical
energy levels with the dimensionality of the irreducible repre-
sentatinn, Prove that the colutions of the Schrodinger equa-
tion transform 1n a £&hion. arrropriate to irreduclible represen—
tations of whatever groups leave this ecuatinn inveriant. Any
perturbation calculetion can blend together in the exXxpansion
only solutions belonging to the same irreducible representation
as long as the symmetry is preserved.

Determination of the most genersl angular Jdependence of the sol-
ution of a Adifferential ecvuation which is inveriant of the
choice of axes, This is accomplished by expressing the solutlon
in a fixed coordinete system in terms of one travelling with

the perticles or with the point of observation, In the case of
only one particle, or an ordinary x,y,z problem, one of the
Eulerian angles drops out, and so ve see that except for a nor-
malization factor, the D_ ., must be the same as the conven-
tional Tesseral harmohics Yprovided of course we ugse exponen—
tlal rather than cosine or sine azimuth factors), Similarly,
the general D_ _+ must be essentlally the wave functions of the
symmetrical top, since the lstter involve both azimuth angles
through exvonential fectors, :

Use of group theory to determine splitting pattern of energy
levels as molecule 1s submitted to fields of rrogressively
lower symmetry.,

Interpretation of the reduction of the ¢irect procduct of two
representations of the rotatlion group in terms of the vector
moc¢el-~vrivete versus community spacial yuantization, Show
thet the character scheme gives the same enumeration of states
as does the vector model,

Explicit recduction of the direct product, Wigner coefficlehits,
Determination of these by the psi-eta calculus,

Derivation of selection rules, and reletive intensities of Zee-
man components by means of group theory., Adventage as compared
to exrlicit integrations, thet the number of particles is ar-
bitrary,
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.

Double-velued representations of the rotation group, They
actually heve a physicael meaning for gystems with odd numbers

of electrons when spin 1s considered, Two-fold degeneracy

persists 1in any electric field, regardless of how ungymmetrical.,
This 1s the Kremers theorem--It cannot be established 1n an

elementary way if the symmetry is too low,)

Interpretation of anguler momentum operators in terms of infini-
tesimal rotatlons.,

Permutation group. The allowable charecters for orbital permu-~
tetions are severaly restricted by the reguirement of the Paulil
exclusion principle that only antisymmetric solutions are al-
lowed when both spin and orbit are permuted. Occurrence of
different svin states determined by branching rule, Devices for
avolding group theory-~Slater determinents and the Dirac vector
model,

The character table for the double-valued cubic group

48 elements (Bethe, Ann, der Physik 3,133 (1929),
B R 60, 50, 604 120, 80 80
1 1 1 1 1 1 1 1
1 1 1 -1 -1 -1 1 1
2 2 2 0 0 0 -1 -1
3 3 -1 1 1 -1 0 0
3 3 -1 -1 -1 1 0 0
2 -2 0 N2 JE 0 1 -1,
2 ~2 0 -7 J2 0 1 -1
4 -4 0 0 0 0 -1 1

CS, 02 denote rotation through 3680, 270, 240 degrees, Rotaticns

throtigh "6 and 2m-0 belong to different classes, whereas 6, -8
remain in same class),

1.

O
Ly

cosege

(cos 6)= P; (cos 6')py;

Problems

Derive by group theory the adcition theorem for surface har-
monics, 1l.e. show that the re1ation

0 0 m)!
(cos B)+2 5., |- (coqe')“ (cosBlcos m
B) % (L+m55 % ﬁ(@;“)jg
1s essentlally the sezme as Ta, (15530} of Wigner. Also derilve
a transformation relation more general than that given in books
on surface harmonics, in which left hand slde is a general
Tesseral harmonic than a Legendre rolynomial; coefficients on

rignt will involve the general D's or symmetrical top functions,

Derive (except for possible ambigulties of sign) from Eqe(L7..1p.
Do 135 of Wigner the following recursion formulas for assoclated
Legen@ve fun%tlons

A2=m+1)PRFT + (Z4m) PE< =T, 1 epm Peiji - P§ 1
2,3+1 ﬁf i 20+1
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By elementary application of the psi-eta calculus for reducing
the direct product, derive the top line of the table of Wigner
coefficients given at bottom of p. 193 of Wigner,

Give the decomposition pattern for L=4 in a field of cubic
symmetry, and then the further decomposition when the symmetry
is lowered to trigonal by stretching the cube along a body
diagonal,

Derive the above character table of the double-valued cubic
group,

Discuss the decomposition of J=9/2 in field of cubic symmetry.

Derive the formulas for angular momentum matrices (including
selection rules) by treating them as infinitesimal rotations.

Derive the characters of the icosehedron group.

Write out the formulas for some of the D's explicitly for A=2
by (a) Wigner's formulas, and (b) direct application of the
psi-eta calculus and show that they reduce, except for normal-
ization factors, to Tesseral harmonics when m=0,

Derive the formulas for the energy levels of a three electron
system with permutation degeneracy (a) by reducing the regular
representation (b) by using Slater determinants (Phys. Rev, 34,
1293 (1929), and (c¢) the Dirac vector model (PRS. 123, 714
(1929) or Physical Rev, 45, 405 (1924)., Results should agree
with treatment of problem in Wigner, Zs, f, Physik 40, 492,



. Further exercilses.

11. The three electron perrutetion degenerscy problem has
a Hamliltonian ;D

fﬁ%}f, 1/7’7L\Jéz.;€za 71-4L3 ?33 7L‘1£3 23

Uhe the'"machine for constructing irreducahbly transforming basis vectors"
to construct orbital wave functions which transform irreducably, out of
proiuct ~ve functions. Note th: t thls problem 1s equivalent to

re cing out explicitly the regular representution of our dagger group.

Use the"mschine” also to construct the correpomdins séfeint spin
functions, and by taking the scalar product of the orbital and

spin functions, pet a total wave function that satisfies the
Paull principle. Show, in a typical case, that the wave function
thus obtained can be written as a sum of Slater determinants.

The projection oggrator which 1g unity within a given
1rreducible represent tion ks (and gow 2) L4

f]{;izzl ;}« ' (C= daes)

}({V, cqyentional ch@racters, ani the-éZAA the Dirac-ﬁz operators.
Ly using t 1s projection operutor, evadlate the energy for the orbital
represetnations which occur only once. In this case only the trace of
the energy is needed. Also evaluate the energy for the energy levels
involved in the represenimtion which pccurs twice. In this 8e yoa
will need to evaluate the trace of 77P and also the trace o;f59

RHesults for this problem can be checked apgeinst Wigner,
Z7elts. f. Phy81k 40, 492,

12, E?rive the relative 1tensities of Zeeman components for the
transition = 2+ by the Krumers symbolic method.

13. Give ths qualtative splitting pattern for the various
componcnts of a level in a cublic ield when spin-orblt
interuction 1s included (includings (a) the case that the crystclline
field is weak (b) that 1t 1s strong, ~ompared to the spin-orbit
intaeraction.

Some useful formulaus for decomnosition in a cudic
cifftalline field (Pethe's notation).

<>/7 :é j;/a%' (72:/

:2:;2;;‘ = ng?L/:%ﬁ
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Clearly if a,6,a,, a; are the comnonents of a vector, an integral

such es \/y(ézl de‘% #3 Z) é&/[z(,)

is, inyerlant of the cholce of axes, and so must be proportlonal to
a,+8,“#8 Jﬂﬁ By ppotting coefficlients, one :an thus see, without

intesratjfxg}t&dw :é]fquw

This is essentially the type of argument uesed by Kramers (p.405 of
collected works) only he uses spinor rathe: than vector analysis.

If a,b and A,B be two constant spinors (i.¢. two sets of guantitiles,
sach of which transform like £ i &7 froi. one set of axes to another,)

then  J / L ¥ Lot gt e DA KB 1B Ok i
Wz Newiam @ Wy e
‘ A2 il 4

1s invarlent, or symbolically ,
&

/ 2 /i
)2 E ’*X = ToW 27 N (XFk
@,gﬁ—@);/) [A +B ) aFarn] (xx, }/( ), ot
vhik ond aigeitic Uie
&,
' A+ 4 pr o The relative intensities
of Zeeman“componentsZcan thus be obtainel by spotting coefficients,
This procedure is in manyg ways more elesaint than reducing a triple
to a double product by means of Wigner :efflcients,-=the procedure
given on another sheet. Note that the selection rules on can
also be obtained from the products 1t 1@ possible to construct. Note
also that the selection ruleg apply equully well to anything that
"trensforms like" —(X-. j ot A A « Inste=d of X, .8
we could have L _,L ,L (not cons‘fderinf parity).,
X ), Z

Another elegant way of obtainling th: angular momentum metrices is
to note that they_can be_generated by &1 infiniliesimpl rotatlon;
For 1nstance,.§~'~ f#{iﬁé b=%iflfﬁgenemtes E L z, % {of

The inte-ral m}ést ﬁ c &aeﬁofié:m nvar:’ance, be a polynomial in
(a ﬁf/{ 7t BUNA = B

Eckart, hev, siod. Physe. 2, p. 349.) 1_.

Note that the Invgrignce consilerafions we hare presented above
do not deternine the relative Jtensitluvs of 1lines in a multiplet=-
only the relatlve intensities of the liiseman comporents far a given
line of a multiplet, The determination of the relistive intensities
of the multiplet comonents is s more c¢ifflcult protlem, hut can be
done by extenslion of the spinor analysis (somewhat similar toc that
we used to get the ‘igner coefficlients, but Kramer: does not introduce
the Viigner coefficients as suchg, In «n immediately Follewkng paper
in his collected works, he shows how to use the £ ,/ , to set the
matrix elemcnts of the electrostatic interaction be:waen electrons,





