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ABSTRAC

A study 18 made of the electronlc processes in semi-
conductors as exhibited by the Hall and magnetoresistance
effects, DMeasurements are made on the two carrier types of
extrinsic germanium and the Hall coefficient and resistivity
as a function of the power dissipated in the samples calculated.
The hole and electron mobilities of each type are computed
for room temperature condifions and the resultant vdlues
compared against those found in the current literature.
Reasons for discrepancies are studied, A discussion of the
theory of the Hall and magnetoresistance effects, along with
the experimental apparatus, including photographs, is given.
An enalysis of two possible practical applications of the Hall
and magnetoresistance effects and a discourse on some of the
basic concepts of bénd theory are to be found invﬁhe

appendices.




INTRODUCTION

The Hall and magnetdresistance effects have been well
knowvn for some time. The Hall effect was discovered by
Professor Edwin Herbert Hall of John Hopkins University in
1879, whose name the phenomenon bears. Some of the earliest
work on the magnetoreslistance effect was done by Corbinq after
the turn of the century, and the geometry that produces the
optimum measurements is named after him. The Hall effect,
which 1s the production of a voltage at'right angles to the
plane formed by the directions of an electrilic current and a
magnétic fileld, was first noticed and measured in thin sheets
of the malleable metals -- gold,silver, and copper. It 1s not
knowvn vhen the magnetoresistance effect flrst came to light,
but 1t hes aiways been present.to some degree iIn electrical
machinery and it 1s probable that 1s was encountered early in
the developmeﬁt of this art, as 1t involves the change of
reslstance of a conductor when the coﬁductor is sub jected to
high magnetic fields at right angles to the directlon of
current flow,

Since both these effects are usually quite small, they
remalined scilentific curlosities for many years. Some of the
éarliest patents involving the magnetoresistance effect are
held by the Bell System and were awarded in the years 1900 to
1926. These patents pertained mostly to curfent modulation
devices and, to the knowledge of the author, there 1s no

indication that they were ever used in practlice. One of the




first applications of the Hall effect was to the obvious task
of measuring statlic magnetic flields and to this day a superior
method has yet to be found. However, early attempts to use the
two effects were usually crude and.resulted in no accomplish-
ments of any major technical importance,

With the advent of wave mechanrics in the early 1930's,

the Hall effect was explained satisfactorily for the first time.

There had been certain materials which had given the "wrong"
sign for the Hall voltage and the theoretical finding that,
under certaih conditions, the reversal of Hall potential couid
be explained is one of the very frultful résults of wave

mechanics, Ever since this time, the Hall effect has risen

steadily in importance. It has become a very effective tool in

the study of semlconductor materlals and provides the best
means of determining the conduction processes in extrinsic
semiconducﬁors. It can also lead to a knowledge of'the energy
band structure in semiconducting compounds and to a knowledge

of the electron scattering mechanism in the crystal. On the

~ practical side, the development of some high resistivity,‘high

mobility compounds has led to materials which produce a pro-
nounced Hall effect. This fact, coupled with an increaséd use
of static magnetic fields, presents some interesting possibilli-
tieéT“For example, a Hall effect devlice can be used to per-
form the arithmetic function of multiplication in an analog
computer. Also, this multiplication feature is made use of

in a device which measures indirectly the torque of a DC

machine. An application can be envisioned in which a time-




varying magnetic field 1s used to modulate a sinusoidsl

current of a different frequency. The Hall effect may even-

| tually produce a means of non-destructively sensing the magnetic

membry of a digital computer, as outlined in Appendix B. The
0ld role of field measurement 1s making the Hall effect very
useful in the study of some superconducting phenomenaf7

The discovery of a new ciass of semiconducting materials,
the intermetallic compounds, has given rise to a new interest
in the magnetoresistance effect. Welker and Weiss‘report that
expériments on InSb and InAs have ylelded mobilities five to
ten times greater than germanium with resultant changes in re-
sistivity of five to twenty times the normal specific resist-
ivity. Such changes in fesistance hold new hope for the appli-
cation of the effect in an electronic amplifying devicé. The
theory of éuch a device 1s presented 1n Appendix A and a model
dlsqussed which can be constructed through the art of thin
film technology. |

Because of the attention being recelved by the Hall and
magnetoresistancé effects‘today, this study was undertaken by
the author primarily for his own eduéation. In the preparation
of this paper, he has been brought into contact with some of
the more advanced concepts of modern physlcs and has in places
attempted to clarify these concepts where they apply tb the -
Hall and magnetoresistance effects. He’has tried to include-
a rather detailed discussion of some of the aspects of band
theory which at first baffled him and some others which still

do. In doing so, the author feels that these attempts at
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clarification of theory, a8 well as the performance of the
experimental work, have helped him understand the eléctronicu

processes in semiconductors much better than he did previously.




I, THEORY

A. . Introduction

The purpose of thls section is to outline the Theory
underlyling the Hall and magnetoresistance effects. Because
some understanding of modern band theory 1is necessary for the
successful explanation of these effects, this topic is discussed
briefly herein and again at length in appendices C and D. A
simple vector model of each effect 1s used 1In order to derive
the usual equations expressing the Hall and magnetoresistance‘
phenomena. The MKS system of units is implied in all deriva-
tions and equations in thils sectlon; however, the experimental
results are presented in the mixed MKS-CGS system found in most
of the current literature. Transformatlion of any equation stated
in the Theory to an equation in terms pf the experimental
results .entails merely the application of cértain weli-known

conversion factors.

/ | -10-




'B. Energy Bands in a Solid

When discussing particle or wavé motion in continuous
media, one is used to thinking of energy and momentum‘aé'being
related to each other by continuous functions. The classical
Hamiltonlan form for such motion 1s expressed by

‘ =
(1-1) € = JE‘;.L.+V

vhere E i1s the total energy, m the mass of the particle,P its
momentum, and V its potential energy. It can be qulckly seen
that a simple parabolic relationship exists between the kinetic

energy and the momentum, a relationship which 1s defined over

all values of the variables. Such 1s not the case for electronic

motion in the périodic potential encountered in_crystalline
solids. This 1s a most important fact because it is due to
discontinuities in the energy - momentum relatlionship that all
s0lid state phenomena occur.‘

These discontinuities arise from three very fundamental
equations of modern physicg, the first of which 1z the

de Eroglie hypothesis:

h - 3
(1-2) N\ = 5 ,o0%, k= _ii&

vhere h is Planck's constant and & 1s Planck's constant divided
by 27 , Equation (1-2) postulates that there exists a wave-
length A associated with the meomentum p of any body. It is

also convenlient to define the "wave vector” k which is inversely

. proportional to the wavelength and directly proportional to the

momentum. Equation (1-2) has been shown to be true through

-11-
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the observance of electron diffraction patterns in crystals.
Hence, 1f a particle has wave properties, then it would be
reasonable to assume that there might exist a wave equation
describing its motion. Indeed, this wave equation does exist
and 1s known as the Schroedinger Equation., The Schroedinger
Equation has many different forms; however, since most of the
qualitative discussionvof semiconductor phenomena 1s done
using a one-dimensional model, it will sult our purpéses to
display only the non-relativistic, time independent, one-

dimensional Schroedinger Equation:

LY 2m -
(1-3) I + Sa [E~v(x)] ¢ =0

where m 1s now the electronic mass., The quantity ¥ can be

given no valid physical meaning except that its magnitude
squared expresses the probability distribution function for the
position of the electron. E is again the total energy of the

electrsn and V(x)‘describes the potential energy field through-
out the lattice. If the potential energy field is periodic;
that 1is, V(x) = V(x+a), where "e" 1is the lattice constant, then

equation (1-3) has a general solution given by the Bloch

Theorem.

v kx

(1-4) @ = e  _a(x) , L) = _u(x+a)

Equation (1-4) can be derived from another theorem in the

theory of differential equations called Floguet's Theorem.

-12-




It can now be seen that the combination of equations (1-3) and

(1-4) might yield a relationship between E and k or E and p.

| This relationship and the fact that it is discontinuous is

derived in Appendix C.

The regions in momentum space, or k space, where the
energy 1s continuous are called Brillouin zones. At the
boundaries of the Brillouin zones, the function has what 1is
mathematically termed a simple discontinuity in energy. This
means that certain values of energy are forbidden to the
electron during its motion throughout the crystal lattice.
The result is the formation of the well-known energy,bénds
within the solid. 1In this paper, we will be concerned only

with the valence and conduction bands which are pictorially

represented for an intrinsic (pure) semiconductor in Fig. 1-1(a).

The meaning of the dotted line through the middle of the
forbidden gap, éalled the Fermil level, 1s that at a temperature
of absolute zero, eiectrons canmot occupy any allowed states
above this level., At room temperature, however, there 1s a
finite probability that e¢lectrons may occupy energylstatés
beyond the Ferml level. Since the only allowed states over

the Ferml level are in the conduction band, at room temperature
there will be a finite number of electrons in an 1ntrinsic'
semiconductor that will be available for .conduction. The
electrons which now are in the conduction band must have
originated in the valence band, thus for every conduction
electron, there is a vacancy or "hole" created in the valence

band. Before continuing further, it wilil be convenient to

-13-




(C

define, in conjuction with the hole concept, the effective

« A
mass, m, or "freeness" of an electron moving in an energy beand,

.as
1- m¥* = .
( 5 ) dat E/l K

One can see that the effective mass of an electron depends

“

upon 1ts locatlion in the band. In Appendix D, equation (1-5)

1s derlved and it is showvn that the effective mass of an

electron near the top of an energy band 1ls negative or that it

is a hole with positive mass and charge.

Let us now discuss the band structure of extrinsic, or
doped, semlconductors. If‘one introduces minute amounts of
group III or group V elements into a group IV semicenducter,
such as germanium, the bond requirements of the chemical

substitutlion are not satisflied, resulting in the creation of

-coulomblec potential regions which spread over distances of

several lattice constants from the impurity center. The
solution of equation (1-3) in these regions leeds, in the
first approximation, to energy levels similar to those in the
hydrogen atom., Thus, there are created in the forbidden gap
certain_aliowed energy levels. The closeness of these levels
to the valence band or the conduction band depends upon the
type lmpurity substituted. If a group III element is used,
the result will be an unoccupled level close to the valence
band, Such a material is called P type because transitions
may take place from the valence band to the unoccupied levels,
thereby creating holes in the valence band. If the impurlty

is a group V element, the result will be occupied levels Jjust

-14-




beneath the conductlon band. This compound 1s called N typé as
\‘C:) transitions are posslble from the occupied levels to the con-
duction band which produce conduction electrons. In neither
case do ﬁransitions initlate carriers of the opposite type,

as wvould be true in an intrinsic semiconductor. The energy
band structure for intrinsic ahd extrinslc germanium, along

with typical energy level and forbiddep gap values, 1s shown

in Fig., 1-1,
CONDUCTION BAND
i i (EMPTY AT T = 0°K)
| ,_:___"“__E'
....... | _Br
_______ ____.'r
i CJ 7 Y VALENCE BAND
3 /// / (FULL AT T= oK)
(b) (c)
INTRINSIC EXTRINSIC EXTRINSIC
N TYPE P TYPE

ENERGY GAP BETWEEN VALENCE AND
CONDUCTIO N BRNDS: ,785 ev

ENERGY oF IMPURITY LEVELS WITR RESPECT
TOo NRAREST BAND: 4 - o ev

ENERGY LEVEL STRUCTURE oF GERMANIUM
Fig., 1-1 |
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C. Theory of the Hall Effect and Magnetoresistance

The Hall effect and magnetoresistance effect were
largely unexplalned until the advent of wave mechanics end the
modern band theory of solids. However, it is best to consider
these two effects from a classical standpoint first and then
refine the concept qualitatively along the lines of band theory.
e shall therefore take the vector model deplcted in Fig. 1-2

as our starting point.

I! B
&y,T
S et
IO J
-
f v ugied :V:

ELECTRONIC MOTION IN AN N TYPE
SEMICONDUCTOR 1IN A MAGNETIC FIELD

i Fisc 1-2

Ve shall consider electron motion in an N type semiconductor in

-1 6-




the.directions shown by the velocity vectors., These vectors
represent the direction of carrier flow upon application of the
magnetic field, B. After a certain time has passed, an electric
field, En , will be bullt up orthogonal to the appllied field,Ey ,
and the direction of the average electron velocity given by
Boltzmann statistics will be essentially'in the y direction.

Under these conditions, the Lorentz equation is,

(1-8) Fx = —~e (—E..a—t?axﬁ) = 0

vhere Fx 1s the net force on the electron, ‘773 1s the average

- velocity of the electrons, and e is the electronic charge.

Solving for Ew ,

(1-7) Euw = T3xB

The current density, T , in the y direction is given by the well-
known expression,

(1-8) 5 -""G'Ey

where 0~ is the conductivity tensor. We shall define the Hall
mobility by the equation,

(1-9) 7y = 4 Ey

Combining (1-9), (1-8), and (1-7), we conclude that

(1-10) En = "'f/.’-"" (TX-B.) with R E‘-‘g.'!'

>

-17-
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Ru being defined as the Hall coefficient. The reason for

defining a Hall mobility different from the’normally encountered

mobility 4, is that the carrier scattering process 1is altered

in the presence of a magnetic field; It can be showmn thatf

(1-11) v = 2Fu = sufg O , from T =mes
ne

where m 1s the number of conduction electrons per unit volume, -

Thus (1-10) becomes

E 3% (. B = 37
(1-12) Ea Al (7x8) , .z
The following differential equation for the Hall voltage can

be deduced from equation (1-12) and the definition of the
electric intensity vector, Ew = —grad Va ;

’

e r= = :
(1-122) VVa + ?.ilg.(rx_s) =0

Let.us now make some reasonable assumptions concerning our
model shovn in Fig. 1-2,

(1) The vectors T and B are at right angles with each
other and the Hall voltage equipotential lines are essentlally
parallel in the region in which the pick-up probes are placed.

(2) Both ¥ and B are constant.

(3) The sample has uniform thickness.

Accordingly, then, equation (1-12a) becomes:

-18-




o AV _ 3T o g dD 41,
(1-12v) = —< JB Re B a = —RuB

T_dx

wvhere Is 1s the sample current, A is the sample cross-sectional
area, and T 1s the sample thickness. Upon integrating (1-12b)
and rearranging terms, we finally arrive at the Hall effect
equation from which the Hall coefficient Rucan be determined

experimentally.

: ~WT
1-1 = —————
(1-13) R I B

Equation (1-13) indicates the proper sign for the Hall voltage
and coefficient for N type semiconductors. The sign of the Hall
voltage can also be found thrbugh the application of the right-
hand rule. The first workers in the fleld found that some
materials gave an anomalous behavior; that is, the sign of the
Hall voltage was oppoSite to that expected if the current
carriers were assumed to be electrons. For a long time this
phenomenon was unexplained, and it was not ﬁntll the coming

of band theory, with its hole concept, that a plausible
explanation was possible, The Hall effect is the strongest
direct proof of the existence of ﬁwo types of current carriers
in ssmiconductor materials. It should be noted that the |
simple - minded theory of hole motion being merely electron
motion in the opposite direction will not lead to a bi-polar

Hall effect. This can be readily seen upon a moment's

-19-
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contemplation of Fig. 1-2. It -1is for thié reason that a know-
ledge of band theory 1is absolutely essential for even an
elementary understanding of the Hall effect in semlconducting
compounds. Holes have real existence in the energy bands and
should be consldered as entltles entirely separate from
electrons. As 1ls shown in Appendix D, holes have mass and
exhibit all the electrodynamic properties associaﬁed with a
positively charged particle. Previously, 1t has been pointéd
out that an intrinsic semiconductor possesses equal concentra-
tions of holes and electrons at thermal equilibrium,., One
would therefore expect the Hall effect in such a material

to be quite small., Such is, in fact, the case; however, an
intrinsic semiconductor usually exhibits a slight net Hall
voltage of the N type. The reason 1s that for intrinsile
materials, the éonductivity for one type of carrlier as

expressed by
(1-14) 6= meu

must be modified. The conductivity 1is now due to both holes

and electrons, so that we can write,

(1-15) ¢ = (hadd + Nuthn) €

where the subscript 4 denotes donors or electrons, and the
subscript h denotes holes, As the electron mobility is
usually greater than the hole mobility, the resulting Hall -
voltege sign is of the N type polarity. In extrinsle

-20-




semiconductors, it has been shown that the thermal production
of majority carrlers does not simultaneously lead to the pro-
duction of an equal number of minofity carriers. Therefore,
conduction in extrinsic materials is dominated by one type

of carrier and the effect of thermal hole-electron pair crea-
tion can usually be neglected at normal operating temperatures.
However, in P type specimens, one must be careful as the sign
of the Hall voltage will réverse when the temperature increases
to the point where hole-~electron palir formation becomes
appreciable and the electrqns, due to theilr higher mobility,
overcome the effect of the hole majority carriers., An analogous
situation would not, of course, arise in N type extrinsic
semlconductors,

The tranéverse magnetoresistance effect is the apparent
change in the specifiec resistiﬁity of a conductor when it is
placed in an 6rthogonal magnetic fleld. The effect is quite
pronounced in certain semiconductors and often occurs along
with the Hall effect, although, as we shall see, the best
magnetoreslistance effect occurs under conditlons least favor-
able to the Hall effect. The theorétical approach to be used
here 1s not the most rigorous; however, it has Intultive value
and leads to much the same result as the more sophisticated
theoretical and enmpirical methods. Our model will again be
the vector model shovn in Fig. 1-2. Ve will assume that our
semiconductor sample 1s intrinsic with equal electron and .
hole mobilities. 1In this way, the appli_cation of a magnetic
field will deflect both‘holes and electrons in the éame

~21-




direction with resultant recombination at the edges of the
sample, Therefore, no Hall field will be bulilt up to balance
the Lorentz force of the magnetic fileld and the electrons and
holes will continue to be deflected. As the effect is usually
small, we will assume the following two conditions to be true:

(1) The angle © between the direction of the field and the
direction of current flow is small.

(2) The path of the carrier in the material is a straight
line. |

The force exerted on the.carriefs in the x direction 1is,
(1-16) [R]| = evyB

and the magnitude of the force in the y dlirection is,
(1-17) |F| = eE

Thus there is seen to exist an angle © vhich expresses the
deflection of the current carriers in the magnetic field and,
if slight, is given by,

(1-18) e = tawe = m_ia_j._ = _UuB
Y

We shall now take the following expression for the conductivity

tensor,

[

(1-19) o

which for our model 1s, : ‘

-22- .
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magnetoresistance effect,

‘wvhere Ap =5 -p, .

(1-20) - = T cote

If we assume ‘T/Er as the definition of the zero fleld
1sotroplc conductivity, ¢¢ , then (1-20) resolves to,

(1-20a) T« = d. coso , or, P = sec o

Since the angle © 1is small, we may use the first order

approximation to the secant function.

1-20b = &, s6% a6 .. ~ o
(1-20b) gec o R e - I+ 5
Combining (1-202), (1-20b), (1-18), and (1-11), and rearranging

terms, we have for our final equation for the transverse

(1-21) T‘Zi = _;__. (.3_'_1",6,..)t B*

Equation (1-21) agrees nearly with the equation given by

[ ]
Welker and Weliss as:

(1-22) Ap _ #-T (3quU ¥ g2
/Po 1/ ( 8 ) B

Unfortunately, the derivation.of this equgt,ion is not given, |

so that the discrepancy in the constants of proportionality can




(@

not at this time be explained. It may well be that equétion
(1-22) expresses the transverse magnetoresistance of a Corbino
disc, because it is this configuration, and not the rectangular
shape, that is most commonly used. The magnitude of the

transverse magnetoresistance effect depends largely upon thé
degree to which a Hall fieldris present; The greater the Hall
field, the more effective will be the balancing of the Lorentz
force. There will always be some magnetoresistance in even
the highly doped semiconductors because of hole-electron
recombination vhich causes a small current to flow in the x
direction and because the Lorentz force holds in equilibrium
only those carriers with the average Boltzmann velocity and
all others in the normal distribution will be deflected. Ih
passing, it 1s interesting to note that a result exactly

equal to (1-21) can be derived by considering the increase

in path length that the current must take, this increase

being f = {4, sece -

-2l -
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II, EXPERIMENT

A. Apparatus and Equipment

In order to perform any experimental work involving the
magnetoresistance and the Hall effect, a uniform, high flux
density magnetic field source 1s absolutely essential, Conse-
quently, obtalning such a source was of prime importance 1nv
order to permlt the performance of the speclifled task. A
search’ of the facllities of the Physics and Electrial Engineer-
ing laboratories indicated that no equipment already suitable
for this purpose was on hand., . However, a war surplus filament
transformer was found which gave promise of being adapted to
the production of the deslired magnetic field, This transformer
canvbe seen 1in detail in the photographs of the experimental
apparatus in Appendix E. The name plate listed the éharacter-
istics as a General Electric model number 7470650 with a
primary rating of 100 volts at 60 cycles znd a secondary rating
of 2,5 volts wlth an overall capacity of .100 XVA, No infor-
mation was given concerning the direction of the primary
winding nor its number of turns. Also, some l1ldea as to the
magnetic pboperties of the transfofmer iron had to be‘obtained
as well. As a result, several experiments wefe planned to
determine these various unknown quantities,

As 1t was intended that the primary be used as the source
of excitation, the secondary winding was not needed and.was
removed from the coré. It was noticed that thls winding con-

tained 10 turns, thus leading one to suspect that, from the

-25-




name plate data, the number of effective primary turns must be
- in the neighborhood of 400. By winding a test coil with a
given number of turns upon this core, it was found that the
number of effective turns depended upon the applied test volt-
age, thus indicating that a non-linear component of leakage

flux was developed in the primary. At low voltages, the

number of effective turns was about 480, at rated voltage it
nearer the expected 400 value, and at higher than rated volt-

ages, the effectlve turns decreased to nearly 300,

The test coil was comprised of 29 turns wound in a pre-
determined direction. It was now necessary to know the
direction of flux produced in the core when a voltage of
gilven polarity was appllied to a glven primary terminal. The

(;/ cifcuit shown in Flg., 2-1 was constructed and the following

procedure used,
ascilLoScoPE

' |

1

XL —=2

+ }
. : |

|

| il .

§i & B!

1M PRIMARY ,

' '

o

16!
VARIAC ¢ ! i

N = TesT |

' :

[ 1 [ q colw |

FLUX DIRECTION TEST CIRCUT

Fig. 2-1

(1) One terminal of the primary was designated positive and

-

- the other terminal grounded.
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(2) 1If the applied voltage and the test voltage were in
phase as 1indicated by the Lissajous pattern, then a positive
voltage applied to the positive terminal of the primary would
have produced a flux in the same direction as a positive volt-
age applled to the ungrounded end of the test coil,

(3) 1If the voltages were out of phase, then a positive
voltage applied to the positive terminal of the primary would
have produced a flux in the same direction as a negative volt-
age applied to the ungrounded end of the test coil.

After the determinatlion of the flux direction, it was
deslred to geln some feeling for the magnetic'propertles of

the iron composing the magnetic circuit. Thls objective

could be most easlly fulfilled by obtaining the AC hysteresis

characteristics. Consequently, the circuit shown in Fig. 2-2
vas bullt for this purpose, consisting primarily of an
integrating circuit placed between the test coil output and

the vertical input of an oscllloscope.

PRINARY R=100K
JWv —l)
Vo, TO VERTICAL
_C=tu SCOPE INPUT
“r A——
TEST coiL ' o

*

Vs, TO HORIZONTAL
SCoPE INPUT

HYSTERESIS TEST <Ci1RenT

Fig. 2-2
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The following equation for the flux density B as a function
of the output voltage Vo can be easlly shown 1f one assumes

the RC product to be much less than the angular frequency of
the appllied voltage.

%
(2-1) B8 = 10" RC Vo

avss
A Nt b

Vo 1s in volts, Nr is the number of test coil turns, and A 1is

the area of the core in square meters, Similarly, an equation

for the field intensity H 1n terms of the voltage drop across

the primary serles resistor can bte derived from simple magnetic
circuit considerations.

' V,
(2-2) H = t.zetlo"‘ Ne % oers*’ed
' Le Rs

Vs is in volts, Np 1s the number of effective turns on the
primary, Rs 1s the resistance of the primary series resistor

in ohms and 1lp 1s the mean length of the magnetic path in

meters. The resulting hysteresis pattern is shown in photo-

graph E-1 and graph 2-1. From the linear part of pattern, the

average permeability 1is estimated to be in the neighborhood
of 7000.

To facllitate the performance of the Hall effect and
magnetoresistance effect experiments, it was neceséary that a
gap be cut in the core in which the germanium samples could be
placed. Several groups were approached with this problen,

The work was finally accomplished by the Kendall - Lamar
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Corporation of Potsdam, New York, where a 3/32" slot was
machined thrbugh the core. The magnetlc characteristics now
needed to be examined again, but this time in more detail
than before. AThe AC hysteresis test was first repeated and
resulﬁed in the pattern shown in photbgraph E-2. As can be

seen, the alr gap characteristic 1s for all practical purposes

single valued and quite linear in portions along with having

low retentivity at zero applied field. It was felt, however,
that although the hysteresls characterlstlc gave a good
qualitative picture of the general properties of the magnetic
circult, the presence of non-linear flux leakage and the fact
that this was an AC characterlistlc voided its use as a
calibration curve giving the flux densilty as a function of the
primary current. It was therefore declded to calibrate the
magnetic circuit through the usé of the standard ballistie
galvanometer test. | |

Because the particular galvanometer to be used had been
inactive for a long period of time, it was dismantled andk
completely readjusted and recalibrated., The circuit shéwn in
Fig. 2-3 was then constructed for the purpose of obtaining the

DC magnetic characteristies.

O
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Dc MAGNETIZTATION CURVE CIRCUIIT

The galvanometer constants shown in the dlagram were obtained
during its calibration. It 1s a simple matter to show that
the standard equation expressing the total flux density in

the circult as a function of the total galvanometer deflec-

tions is

(2-3) Ba = 10%RKs S p; | R=RetERe
Nt A (=1 '
If R is in ohms, A in square meters; Kq in _«coul/mm and Di in
mm, then Bn, the total flux density linking the test coil Ny ,
willl be expressed in gauss. The theory leading to this equation
can be found in any good reference on electrical measurementsf
The resulting calibration curve is displayed by graph 2-2 which
was used to compute the air gap flux density from the field
current, If, which was a guantity measured during the Hall

effect and magnetoresistance effect experiments,

-%0-
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The complete circult disgram for the measurement of ‘the

C/ Hall and magnetoresistance effects is shown in Fig. 2-4,

—nlw

PIELD curtGNTY
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VTV M
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®0
' 8

— o

MODIFICATION FOR
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Fig. 2-4
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The DC field current necessary for the production of the air
gep flux was dravn from a source consisting of two 12 velt
storage batteries in series. The amount df field current
desired was determined through the setting of a motor speed
control rheostat placed in series with the batteries. In this
manner, uﬁ to epproximately 5 amperes could be made to flow
through the primary winding. For the purpose of demagnetizing
the iron, or for providing a sinusoidal air gap flux, another
circuit consisting of simply a varlac could be switchedlinto
the primary circuit. The DC sample current,Ié, was obtained
from a standard regulated bench powver supply and controlled
through a slide wire rheostat. For the purpose of providing
an AC sample current, a Hewlett - Packard audio oscillator was
obtained which could be put into the sample circuit via Sw2.
Voltages as low as those encountered in the Hall effect
are usually measured with high precision potentiometers;
however, an instrument of this type was not readily available
and because of the thlnness of the‘samples, the Hall voltage
was great enough to be measured with an oscllloscope and a
VIVM. The two lnstruments were used together in order to obtain
a check on the conslistency of the readings of each other, This
method of measurement provided a convenient way to balance ouﬂ
the zero field voitages via the vertical position contrcl on .
the oscilloscope and the zero position control on the VIVM,
The accuracy of all equipment used was checked before commenc-

ing experimental operations.
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The circuilt and equipment for the performance of the Hall
and magnetoreslistance effect measurements can be seen in photo-
graph E-6. In general, the equipment pertinent to the produc-
tion of the magnetic field 1s on the left of the plcture while
that apparatus used to supply the sample current and measure
the resulting phenomena are on the right.

The semiconductor samples used 1In this work were supplied
through the courtesy of the International Business Machines
Corporation of Poughkeepsie, New York. The samples were thin
cross-sections of a larger crystal and their surfaces were
etched. Various attempts were made to solder to these surfaces,
but no satisfactory results were obtained. Also, the thin
crystallites had irregularly shaped surface areas and, since
diamoﬁd eabrasive machinery was not available, some means had to
be found to lend some semblence of regular geometry to the
sample. Both the problem of connectlon and the problem of
geometry were partially solved by the construction of a some-

what crude sample holder shown in Fig, 2-5(a).
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SAMPLES AND ASEEMBLY
Fig. 2-5

The probes were formed from #20 tinned copper wire and ’plalced
on a matchbook cover card board base with Scotch tape. One of
the samples shown in Figures 2-5(b) and 2-5(¢) was then piaced
on top of the probes and taped to hold it in position.

~34- .




A sedond matchbook cover was lald on top of the sample and the

entire assembly then fitted snugly into the air gap of the

magnetic circuilt, It was necessarily assumed that fringing

between the two sample current probes was negligible and all

subsequent calculations were carried out on this basis. Since

nothing was known about the electronic parameters of the
samples, except theilr carrier type (which later was proved to
be wrong), the determination of these values became the object

of the experimental work.

A close-up of the Magnetic circult with the sample holder
in position can be seen in photographs E-8 and E-O,




B. Experimental Procedure and Results

Aésociated with the voltage produced at the pickup probes
on the semiconductor sample are voltages due to several other

effects as well as the Hall effect. The most important and

largest of these voltages 1is the so-called IR drop. This volt-
age arises from the fact that it 1s difflicult to allign the
pickup probes so that they rest on an equipotential line.

This effect 1s shown in Fig. 2-6, and, while 1t cannot be com-
pletely eliminated, a small amount of manipulatlion of the pick-

up probes can minimize the IR drop.

oyt
4o— PICKUP PRoBES
I
D s
s.______._‘ ______..‘
e SEMICONDVCTORM
SAMPLE
EQUIPOTENTIAL.
‘LivES A

SAMPLE POTENTIAL PISTRIBUTION 1IN
ABSENCE OF MAGNETIC  FIELD

Fig. 2-6

The other sources of pptential besldes the Hall effect are the
thermomagnetic effects. These are the Ettinghausen effect, the
Nernst effect; and the Righi - Leduc effect. They will now bé

discussed separately.




C

The Ettinghausen effect, producing a voltage Vt, is similar to

the potential difference associated with a thermoeouplé. The
sign of Ve, as in the Hall effect, depends upon the direction

of the current in the sample and the direction of the applied

magnetic field. The Nernst effect and the Righil - Leduc effect

are caused by the combined efforts of a temperéture gradient
In the sample and the presence of an electric current and a

magnetie fleld. The voltages produced by these effects will

be denoted Vu and VaL , respectively. The signs of both volt-

ages depend only on the direction of the magnetic field. Thus,
for each possible combination of current and fleld in the sample,
the voltage appearing at the pickup probes becomes:

(2-4) (+B,+I) E.= Vud +Ve + VW + Vou + Vir
(+8,-I) Ex= -¥y~-Ve +Vn +Vre - Vi
(~-B,-I) €3 = Vi +V& -Vu — VoL — Ve
(-B,+T) Ey =-Vy-Ve ~W =Vau + Vi

Through proper algebralc manipulation of (2-4), we obtain

(2-5) Vi +Ve = EZfe2fa-Be

Therefore, by taking readings at all possilble combinations of
field and current, we may eliminate all the effects except the
Ettinghausen effect. Since the Ettinghausen effect, the Nernst
effect, and the Righl - Leduc effect are usually very small

vhen compared to the Hall effect, and since we were blessed

in this experiment with a quite large Hall voltage, the above
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procedure was followed only oécasionally, and, vhen performed,

dild indicate that the other effects were truly negligible.

There are vays, howvever, of performing the experiment under AC |

conditions where equétion.@—@ expresses the average value of
the output voltaget The only effect, for our purposes, worth
considering is the IR drop; However, this factor was easily
overcome through adjustment of the balance controls on the
instruments at the beginning of each experimental run. Equa-
tions (2-4) and (2-~5) give no indication of the proper sign
of the Hall voltage; however, the usual convention is to take
the sign of the Hall voltage produced by an N type semi-
conductor as negative and by a P type as positive.

As the measurements were begun, it was soon found that
the sign of the Hall voltage was reversed from that expected
using the sign determining method given in Fig. 1-2 of the
Theory. The éemiconductor materials had been received with
their carrier types indicated on their containers; however,
those marked P type gave N type responses and those described
as N type yilelded P type responses, After carefully checking
fhe direction of the sample current and the magnetic fleld, it
was concluded that the samples had been received with incorrect
identification,. |

Curves of Hall voltage versus flux density at constant
sample current for both the N and P type samples are displayed
in graphs 2-3, 2-4, and 2-5. Graph 2-3 deplcts the character-
istics for the N type sample. For the most part, this family

of curves follows the functional relationship given by equation
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0-13; that is, at constant sample current, the relationship
between the Hall voltage and the magnetic field flux density

should be linear. On the other hand, the characteristics of

the P type sample show a slight curve. At present, the reason
for this non-linearity is unknovn; however, it has been

noticed before by other observers, Knapton, in a Master's
Thesils submitted at Williams Coilegef displays a straight line
characteristic for his N type sample and a curved characteristic,
gimilar to graphs 2-4 and 2-5, for his P type sample., His
explanation 1s that temperature changes during the taking of
measurements caused the parameters of the sample to drift. In
our case, any temperature changes would have occured equally
during the testing of both samples with the result that the
characteristics of both N and P types would be slightly non-
linear., Therefore, 1t is doubtful that the proposed temperature
change could account fully for the curves in the P type sample
characteristics, The only reason that comes to the mind of the
author 1s that the orientation of the crystal axes in the
electric and magnetic filelds for a P tYpe material may be more
critical than for an N type because of the stronger effect of
the lattice potential on the shape of the top of the valence
band than on the shape of the bottom of the conductlion band.
Graph 2-5 shows that as the P type sample was thermally

agitated into becoming intrinsic, the resulting characteristic

became linear, At any rate, the curvature of the P type

sample characteristics was not so great as to forbld an approx-

imation of the Hall coefficient over the more linear portions.
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As each sample was tested, data were 6bta1ned to compute

the specific resistivity. As there were no thermocouples

avallable, the same data were used to calculate the power input

to the sample so that an indication of the Joule heating effect
of the sample current could be obtained. The resistivity was
then calculated assuming a solid rectangular geometry so that
the familiar formula R==é%#- could be applied. The results
are shown in graph 2-6 which 1is a plot of sample resietiviﬁy
versus powver input. It 1s easlily seen that that the behavior
is typical of a doped semiconductor. As the temperature of the
sample 1s Increased, more and more impurity levels become
emptied and the resistivity decreases due to the additional
carriers, The case 1s slightly different for each type of
extrinsiec semiéonductor g0 let us conslder each one in tumm.

In the N type, transitions begin to occur directly from the
valence band with the resultant production of hole-electron |
pairs., As the temperature increases further, the contribution

by hole-electron pairs becomes negligible and the semicon-.’

ductor reverts to its intrinsic state. In the P type, electron

ransitions normally take place between the valence band and
an acceptor level. However, at higher temperatures, hole-
electron pair creatlion becomes predominant and the material
becomes intrinsic. ©So far there has been no difference
between the thermal properties of N and P type semiconductors.
But, in the P material,‘as tranéitions from the valence to
conduction band become probable, transitions from acceptor

levels to the conduction band become even more probable, with




the result that the net amount of holes over electrons decreases.
This fact, coupled with the inherently higher mobility of
electrons, indicates that at some temperature, a P type materilal, -
as well as becoming intrinsic, will become slightly N type.
This point is indicated oﬁ the resistivity characteristic for
the P type sample shown in graph 2-6. The regions to the left
and right of graph 2-6 are regions of extrinsic and intrinsic
conduction, respectively. The regions of rapidly decreasing

resistivity are regions where hole-electron pair production 1is

| ovefcoming the effect of the impurity carriers and the transi-

tion from extrinsic to intrinsic is not quite complete.

Graph 2-7 1s designed to give a qualitative insight into

‘the thermal behavior of the Hall coefficient, found by equation

{1-13 and the slopes of the curves on graphs 2-3, 2-4, and 2-5.
The magnitude of the Hall coefficient 1is defined here as belng
positive 1f the Hall voltage 1s of the normal polarity for the
sample 1n question. The reason for the general decrease in
the Hall coefficlent for both impurity types can be easily
explained. From equatioh (1-12) one can see that R is
inversely proportional to the number of carriers 1in thé
extrinsic region, so that as the number of impurity carriers
avallable increases, the Hall coefficient decreases. In the
intrinsic region, the relation between R« and the number of

carriers becomes slightly more complicated. In fact 1t 188

(2-6) Ru = Al Mo L4 — Y\Qﬂc‘

——e

e

('m\.Mn + ne J.le.)t
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Hovever, 1t can be seen that as the number of electron-hole

palrs increases, the Hall coefficlent will stlll decrease, The

‘fact that a P type semiconductor will become slightly N type

vhen thermally excited into the intrinsic region has been
mentioned before.' This situation is clearly depicted by the
P_sample characteristic on graph 2-7. The transition to N

type 1s shown by the reversal in sign of Ru, Consecutive$
readings taken in this région vere not consistent; however,

the zero crossing occurred with 50 to 60 milliamperes of sample
current flowing through the semiconductor.

The room temperature (P = o) Hall coefficients of the N
and P samples were 12000 cm”/coulomb and 8060 cm3/coulomb,
respectively. At higher cample currents, Ru for the P type
sample became slightly greater, but it is believed that this 1s
due to difficulties encountered with the curvature of the
characteristic. The room temperature resistivities were
14,35 ohm.cm for the N type and appfoximately 15 ohmscm for the
P type. The values for Rw compared favorable with those ranges
‘found in the literature, being between 1000 and 20000
cm?/coulonmb, with Rg for the N type sample being greater thén
Re for the P samplgfmThroush the use of the following equatlon
derived from equations (1-10) and (1-11), vwe can find the
mobility assuming only'carriers due to impurity centers exist

at room temperature.

(2-7) M= —f;— 725“—
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Application of eqﬁétion (2-7) yieldé values of 770 cm2/volt.sec
for the electron mobility u«. in the N type sample, and

495 cm2/ﬁolt-sec for the hole mobility s in the P sample.
There values dlsagree wlth the commonly accepted electron and

hole mobilities in germanium of 3600 cm2/volt-sec and

7
| 1700 cmz/ﬁolt-sec, respectively. The discrepancy 1is believed

to lie 1in the values obtalned for the resistivities, Surface

contact comnections to semiconductors are known to exhibit a

wide range of resistances which are functions of pressure,
surface state, rectification, and other variables. In view of
these facts, 1t would not be too surprising if the recorded
resistivity daﬁa vere greater by é factor of two or three than
the true resistivity. Certainly the values of Rw are reasonable
enough so.that it is quite probable that the errors in the
calculated mobilities have their origin in poor resistivity
measurements. The assumption of rectangular geémetfy could also
have been in error if fringing effects were not negligible or
1f the sample current probes were not making uniform contact
with the semiconductor. Some/better means, such as the four
probe method, should have been used to determine the resis-
tivity than that of measuring only the voltage drop between
the samplé current probes. If a large plece of the crystal
from which the samples were cut had been available, the four
probe method of finding resistivity could have been utilized.

By assuming that all impurity levels are lonlzed at room
temperature and knowing the number of atoms per cublic centlmeter

in the germanium crystal, one can use the Hall coefficlent to
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determine the concentration of impurity atoms in the material.
From equation (1-12), it can be shown that

3r/g
it — )
Ru Nece €

(2-7a) K =
where K 1s the number of impurity atoms per germanium atom,

Rs is the Hall coefficient, Nee 1is the concentration of
germanium atoms, and € 1s the electronic charge. Taking Nee
as 4:1022 atoms/cmBZ we have K equal to 1.53'10'$~forjthe_m
sample or there 1ls one donor 1ﬁpurity for 6.55-107 atoms of
germanium at room temperature. Similarly, for the P type
sample, we find that there 1s one acceptor impurity for every
4,35.107 atoms of germanium., These figures agree 1h mag- |
mitude with typical impurity concentrations found in com-
mercial extrinsic germanium?' _

Attempts to verify equation (1-21), which expresses the
magnetoresistance effect, generally ended in fallure. The
major reason for fallure was the unavallabllity of an Intrinsie
sample with the optimum geometry for the effect to occur.

The best data that could be obtained were taken on the N typé
sample and the results are presented in graph 2-8. The change
In reslistence was measured by holding the sample curreni, Is,
constant and reading the voltage drop across the sample
current probes as the magnetic field was gradually inecreased,

The relative increase in resistance or resistivity could then

be expressed as:
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(2-8) AR, AVmr Vmre - Vs
o Yo v.

where Vo 1s the zero fileld voltage drop in the direction of the

sample current, and Vmr 1s the total voltage drop in the
presence of the magnetic fileld. The effect did not seem:to be
present at all when using sample currents above one milliampere.
At sample currents of 1 ma. and .% ma., however, the effect was
quite noticeable in the lower ranges df magnetic field flux
density, indicating generally the usual parabolic relationshilp
between the change in resistivity and the value of the magnetilc
field. On the other hand, at fields above 5000 gauss the
behavior of the effect became.completely anomalous, indicating
a decreasing resistivity with increasing.magnetic field. The
reason for this reversal may arise from two factors. The first
1s that there 1s always golng to be a Hall effect assoclated
with an extrinsic semiconductor which does not have the

optimum geometry for the magnetoreslstance effect. However,

in our cese, because of the low sample current 1nvolved, the
Hall field may not have been bullt up to sufficient strength

at low flux densitles to prevent some deflection of the sample
current vector, thus producing a magnetoresistance effect. As
the magnetic fieid increased, the Hall field may have increased
to a value vhere any attempt of the sample current vector to
deflect was fully compensated by the Hall field with a result-
ant tendency toward normal resistivity. The other factor that

may have influenced events was the possibility of a Jjunctlon




exlsting between the tinned sample current probe and the sur-
face of the semiconductor which was sensitive to a magnetie
field. It 1s not known whether such Junctions are possible,
but the gquestion canmot be overlooked.

As one of the applications of the Hall effect is in
multiplying or modulating devices,.it was decided to try to
modulate a 2000 cycle sample current "carrier" with a 60 cycle
magnetic field. The results are shown in photographs E-3,
E-4, and E-5. Before discussing these photographs, let us try
to analyze wvhat form the resultant Hall voltage will take, We
can substitute sinusoldal expressions for the sample current and
magnetlic field, neglecting for the moment the IR drop, into
equation (1-13) and obtain for the Hall voltage,

(2-9) yu = FRuIscoswst BoCOéu);f
' T

= RuTsBe [c‘os(u)sum)t + Cos(ws-wr-)ﬂ , - carrier frequency
2T wi - field frequency

where Is 1s the peak value of the sample current, Bo is the peak
value of the magnetlc flux density, e 1s the angulér frequency
of the magnetic field, and the other symbols have their usual
meaning. Thus it is seen that the output will be that of a
double side band,.suppressed carrier signal. In reality,
however, there are thrée signals received at the plickup probes:
the Hall voltage, the IR drop, and, when.using alternating
magnetic fields, an induced voltage, Vo = -K %% . Under these

conditions we have for (2-9),
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(2-10) €. = .Er_':I,rLP_'. cos uxt coswxt + TR cos wit + K Bo sinet

= R;I's B. [cos (ws+wt + cos(a)‘-w;);.] + TaR cas wit + K Bo simuyt
2+ |

Egquation (2-10) describes the result seeﬁ in photograph E-5.
The signal output 1s similar to the famillar amplitude
modulated carrier waveshave eXcept for the phase shift caused
by the last term in (2-10). Photograph E-3 depicts the
induced voltage due to thls term at zero sample currenf,_and'
photograph E-4 displays the IR drop "carrier" at zero maghetic
field or the quantity described by the second term in equation
(2-10).

47~




Tj”:ﬁ i':; e

ACTERIBTICS |1

-y -

_FIELD INTENSITY [H N OERSTEDS | { | L |

e
S
s TTeetd T
v H“:A.O ot
: R ol e L * 202800
SR oW |
M -
: N M., e
ERERESS SR T ML cn oee
DH»N.G7‘ -
S e e e N e O s e e T L e 0 SEI
<o -
loZz02
e

HONI dH3d 0T X 02




[RE—

‘YOS 'NONY 3AaYKW
NIDZLIIQ 3IN3ION3

{ .
L HONI ¥3d 0T XOZ

HidVd HdVMO N3IDZLIIQ OZ-

OrY€ 'ON




.....
................

............

.....

CRD NNV et et

BTN N A

1w
-4

531 B3It G R O TSRO RO S Y TSSO Ot (R B 8 S5 AT _,_.,MEW,.mmm:uu._uEm«m;T_»MH SEEEEN (oot Pt A G

L NNINYWNEED  BAAL-N | L
I Co TON I NdINVYS 1 TYvvrhi o

COWET Nt 193343 e |l
S| g havae T T

O M ’ : m : R R S AT SRV Foep
(30 EESES SERSN LSS SN UNSS SUSE SRS SUUUE DEEESUDUE FUDDE I SR SU BRSS AAR S SOSEE SEEON SSE
;  RROTE R o T N S Seave saant RRSSS SRS SRUDE S

A S EEERE I S BRI KRR T

i
DS DA DRSS RS DRSS R o ! ' B ERURE FEON] TEEE DORGE DREE RESH
[ S N i U o i i ORI RN =




.....

e — - v,v{Qt.Mf, 0»1*\5} S G i ]
vo.:,,x NI @ ALISNIQ XN dVO ¥V

T T .,mi T
ERREE R i H Coh
L . : R i

R
. JRESEN S X

S
wl.mm.cic_

_*<Scw

muunu{;wwxwu

WNINY

. ANTNAAD T WS ._

w339 A

bl waT N

m

1.103443

2 ON F1dNWVE

-2 Hy




R SETEY EEERE PSS IDEE SEETY INSIN TROL ERPHS EHNY SR P ot TR BN EPRE S35 ot NNL RO EETFS DEETE S A x_>>++n.
m““, . T f,.uw TS ERER B LI JNZ , . ‘fi QM, : .;w¢a

l nn‘ S

o&
-5 ¢
%

......

WNINVNY3D 3dALl-d

MbOZ =% ' YWOP = 8T o || | I o
MesT = nml.didm.u = Pl IV K 001 S
Mt u& WSS =UT o Ll
- CL A _ e
INZ¥BND IVAWYS |- 3T | . :

2 'ON 3ITdWVS

SmH N1 103333 1IVH |

§-c mIn_<Md

,,,,,,,,

[l
m.,
i
1

VWO ‘N NI IOV

HDONI

H3d O X 02




RS K : e S
o o s N
o iR i B it
- _ i
: t- e :
..... — .»A XWO
~

.

1

Sogen
|
'

i

]
RN S

o

{

|
|

i
|

PLE RE S\
"MPLE NO;

W 2-6

e

V5. SAMPLE. POWER.
.A_$AMPLE NoO

<= >0 -
< 2w — . e Lyt i [EERR IEN
N . : 1
A. T o
i B as et s o B B RN B b e SEE L £ e B U e Saes See g o
....... AR S —

OELIVERED [TO SAMPLE N WATTS | |

[ o . . .
R Sl e S T Ty

+

i
it §

1

{

NN BRI SRR EUEREEEESE IREDREEEDE URORERRENL EERERRRDRE RORSRERS
Qe
i

P S T N Y T
P . P H i
A‘ ; 4 -

W3 -WHO NIl AL[ATLSIsTd|3TdWVSE
B SESE FOHNS SUUSS S0 RN NN SO DTN S S SNSRI S SEASH S
T

HON] H3d OZ X OZ i

s

Y 'S N ONL 3AQVYN
TN AN I IR ICYNMLT MIdWd I 2WLA SiTIONTF ity A



€.

v
=i
=i
<)
>
HEAN

SRR
YPE

- PTYPE e

1
t
4
4
NN
NN
!
1

WER AN EDS SRLRE REROS DI
!
N

l o

F_’_c»
4 -
SAMPLE

i
A
i
i

Lo 70 sameie

........

e

SAMPLE NO.

|
t

“HALU COEFFICENT

GRAPH 2-7

J.¥s. _lsAMPLE:
|

O

DELIVER

_ ...l A SAMPLE NO,2

]
}
i

POWER PL

....................

S 2 N e - — o e

B R I R e

.............

Glhellie e e e

i
IR S
i
Sy
i

C | 01t awbrn0a/iwo|

»

AP I T B L" “

HONL d3d 0T x 02




B FLUK DENSITY |B IN| KILOlGADSS | | | | |

[

T3INV

1sts,

-—eq

.........
.......

3

| SR -

e

i

Sy

:
\ L ‘VYoB "N NI 3V

‘02 N3IADZLIIAd INION3I

HONI d3d 0Z x 02
HIAdYd HAVYHO NIDZLIIA 02 vOPE ON




C

e

APPENDIX A

A MAGNETORESISTIVE CONTROL DEVICE

I. Theoretlical Considerations of a Magnetoresistive Control

Device (MCD)

The purpose of this appendix will be to outline'the possi-
bilities of a magnetoresistive control device, The magneto-
resistance effect 1s assoclated with the seme phenomenon that
causes the well-knovn Hall effect., When a magnetic fleld is
directed transverse to a current-carrying conductor, an in-
crease in resistance, AR, proportional to the square of the

magnetic flux density B will be observed'! This relation is

given as
AR _ R—-Ro _ 2
(A—l) Ro Re = B

where o 1s a constant of proportionality which can be determined

either‘experimentally or theoretically. In most conductors oc
is very small; howevér, recent investigatlions have shown that
the increase in resistance over Ro, the "static" resistance,
can be as great as 25:1 in InSb, a group III-V semiconductorf
This fact creates new possibilities for the practical applica-
tion of this effect.

Let us now envision the following simplified design of an
MCD. | |
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FERROMAGUIETIC
MATER)IAL

o SEMICONDUCTOR

A < O =

conTrOL RESISTODE
cor {ovTPuT)
(TRpuT) '
(a) SiDE VIEW OF DEV|CE (b)) TOP VIEW OF RESISTODE

HYPOTHETICAL MCD
Fig. A-1

The device depicted in Fig. A-l(a) consists essentially of a
toroidal ring composed of sdme ferromagneticvmaterial with a
gap in which a semiconducting element or compound is placed.
An input coil is wound on the toroid as shown for the purpose

of creating the desired magnetic field which will pass through

‘the semiconductor. It is evident that this configuration

nearly eliminates mutual coupling between the input and output
circuit. Also, 1t will be assumed that the flux linkage be-
tween the input and output is so small that Faraday induced
output vcltages due to time varying input currents can be neg-

lected. For the sake of nomenclature, the element in which the

.reslstance change takes place will be called the resistode and

the input coil will be called the controller. The Tollowing

magnetic circuit for the device can now be drawn.
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-

N - CONTROLLER TuRMDS
& ~ MAGRNETOMOTIVE Farew

Re ¢ - FLux

Re,Rr - RELUCTANCE ©F CoRe

+ RESISTODE '
Cb]é Rr ,QC_, ¢ - PATH LENGTH oF CoRE,
<

RESISTODE
ARc,Ar -~ AREA OF coRE , RESISTIDE

Me, Ur - PERMEABILITY oF CoRe,
‘ Resi5TodE

MAGNETIC CIRCOIT
Fig. A-2

~(‘A-Q) ¢=4’(Rc+ﬁr)= ‘?("&"{‘ 1" )

e Ac Ar Ar
Let us assume that the core length is short and that the mag-

netic material has high permeability and low loss (such as
Supermalloy); thenRr ” & ¢ and

(A"B) ‘4 - ¢:ng:%-k ) OR N,Lg :"— ___-&_‘: ; B_—; ﬂrN-lc

Ar . L

Thus we have a relationship between the flux densitykxiroduced
: \

in the resistode and the instantaneous current flowiné in the

14
controller, ~ ;

We shall now consider the following intuitive equivaleht
electric circuit of the MCD. |
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Ve, Ar — TUSTANTAUEOUS

; C A | Ar
+ o0— : : 0 ¥
) |
1 :R‘ i I Ve, de
Ve E Re 1 7r
1 'L'- : l
! ' Tr,Vr
o , : —0
o e m e ! Te, Ve
EQUIVALENT ELECTRIC CIRCUIT
Le, Re
Re
Fig. A-3
Upon substitution of A-3 into A-1,
_4) Rr=Ro — o «*N4i _ 2 -
(A-4) ~ —= fie, &=

() (4-5) Rr = Ro (\+Ué)

(6-6) v = ArRo (V4 Ya2) = §(4e, )

RESISTODE YOLTAGE, .
CurRRENT

= INSTRUTAVEOUS
CONTROLLER Voa.rm;z,
curaenT

= DC RESISTODE CURREMT,

VoLTAGE
= DC COMTROLLER LURRENT,
VOLTAG &

~ COUTROLLER TMDUCTAMCE,
RESISTAMCE
— RESISTODE RESISTAMCE

Equation (A-6) describes the resistode characteristics of the

device. For the controller characteristics, it is obvious that

(4-T) 76 = Lo Re +L B = §(de,dr)

Under quiescent conditions, (A-6) and (A-7) reduce to

(A-8) Ve = I\-R.(I+XI:)
Ve = Te Re

C/ Directly from these equations and the equivalent circuit in
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Filg. A-3, a load line analysis could be made or a set of charac-

? </' teristic curves could be constructed.
SATURATION
Ny .-
- 1e |
e
(A s
A“/R. Lr * T | Re
| T’ I k
B — Ve — e Vo, —
(&) MAGNETORESISTIVE (b) RresisToDE () auiescenT
CHARACTERISTICS oF CHARACTERISTICS COMTROLLER

RESISToDE T > T » 'Ic" N I‘I CHARACTERISTICS

C:‘ MCD CHARACTERISTIC - CURVES

Fig. A-4

With the help of equations (A-6), (A-7), and (A-8), we are
now ready to commence a smallksignal analysis of the MCD. We
will follow the usual procedure of setting up a four terminal‘
network with the consideration that variations about the

quiescent point are linear.

(A-9) A & = _a_'{?— Al + _...,.-a% Aldr
d Le ddr

&V = -Q—EE-AJQ + dVr Aldr
Ae dAr
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The solutions to the partial derivatives are
- AVe _ | A | |
(a-10) vl Zi = Re + LT (INPUT. zmeecancs)

dVve

d4r

]
N
1
W

o " . (REVERSE IMPEDANCE)

-a-—lg-"— = Zf = 2¥R LTc (FoRWARD rMPr-:onuc;\
(]

Vr
¢ Ar

Let us define the transforms of the incremental voltages and

i
N
il

Ro (14 §I*) (ouTPuT TnPEDANCE)

currents as ZC (ate )= ch, ete., using script notation to denote
transformation., Also, the impedances shall be transformed.

Equation (A-9) beccmes

(a-11) 9% = de 3A + o"r’%r
’16’) %"‘0"‘9{- '*'ol‘rgo

These are the equations of the following T networks,

9‘: J—p-
e P B i
ro—T8- % B f—Or—»
| Lo (%-9)
% B - ”%

'

J.»-L

Q Fig- A-§(a) T NETWoRK GIVEW BY EQUATIONS (a-n)
/
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J" | ' Jl’

sty L
+ o . /-\'.- °+
4 2 TR LTS b
Re
% Re (1 +312) %
Le
v 1
o -0

(b) EQUIVALENT CIRCUIT OF MCD RESULTING UPON
SUBSTITUTION OF THE PARTIAL DERWATIVES

SMALL SIGNAL EQUIVALENT CIRCUITS

Fig. A-5

The equivalent circuit shown in Fig. A-5(b) can be used tov
analyze designs utilizing this device when small signals are
used. It 1s interesting to note that the input circult 1is
completely independent of the output circuilt. There isva
distinct disadvantage, hovever, in having inductance in the
input circuit as this limits the frequency response of the
device to high frequency signals. On the other hand, it is an
ald in that it helps limit the small signal current in the
input circult. ' |

We are now in a position to determine the response
characteristics of the MCD. Let us choose a simple applica-
tion -- that of supplying small signal power %o a resistive load.
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The appropriate circult diagrams are shown below,

(&) OVERALL EQUIVALENT CiRCUIT

.(z g I;r;') Y.

Jcr R %
Le ,

R. (1 +4T2)

(b) SMALL SIGNAL EQUIVALENT CIRCUIT
RESISTANCE LOADED MCD AMPLIFIER

Fig. A-6

The quiescent conditlons are, from Fig. A-6(a),

(4-12) Te = Ecc/Re

Ir = Evrr <
R + Ro (14 ¥E2)
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By applying stralghtforward linear circult analysis to the small
signal equivalent circuit shown in Fig. A-6(b), it can be

easily demonstrated that the followling voltage transfer charac-

teristic results,

2 ¥ R.RL
(a-13) ¥ ReXcTr

)
% - Lc[Rut- R.(\-t-XI,,")]} S+ Refj,

2 { RoRL Ecc Evr \' H

2
Ls&[ﬁ."i‘go(li-{%)] s+ Ke < < +g‘-/l.c.

Equation (A-13) can be seen to give a frequency response similar
to a simple series R-~L véltage divider circuit with the excep-
tion that H, the scale factor, will permit the gain to be greater
than unity'within a certaln low frequency range. The criteria |
that any gain'occurs at 21l i1s ecasily seen to e H >’m74s and
that gain occur in the linear response range, that 1is, below

the half power point, would then be H »J2' R*Ac . From (A-13),

it can be seen that thils criterla finally resolves to

(A-124) 2y QR T Ir

>V R
Re +R.(|+\’I:) 2 “




O Im
SCALE FAC = ' _
TOR=H oo H L.
N/ a // Re.
7\
"Re/Le \ Re
o
(o) POLE-ZEROS OF (b) SINUSOIDAL STEADY sTATE
% /% N “S” PLANE RESPONSE IN /% PLANE

RES PON§'§5. ivi’?nacra RISTICS
Voltage and currenp gain can‘be provided by such passive
devices as transformers and resonant circults; therefore, if a
device 1s to be useful in most electronic applicétions, it
must provide power gain as well, In order fo arrive at a use-
ful expression for the small signal power gain, we shall first

make the following definitioné.

(A-15) (&) POWER GAln = PG = Pout /Pin |
t 4
(b) Pn = Jﬂo&: Re ) Povt = 0‘"‘&!‘ Re
&) s = F+yw

The first two definitions are obvious. The last definition
follows from the definition of the Laplacian operator. Using
these definitions along with the usual algebrailc manipulatiohs
on the circuit equations, it can be shown that the following

expressions result.




Y

(A-16)
Pn = ., ’)‘%* Re

(Ret+ oLle) + (wL‘):

Pt = _(UIRLL} %% R
[g,(l-f-&’I.,‘)'ng] [(&i- rle)® + (w Le) ]

(2 ¥R T Tv) Re

(A-17) PG = -
R (1+¥13) + R Re

Under conditions of maximum power transfer,.when
Ro= Re{1+212),

YT T.) Ro | Y* EL En RS
(4-18) (PC)pac = ( = o
) (e ¥T2) Re F(R+ VES) Re

Equation (A-17) demonstrates a most unusual'property of the
MCD; that is, under the conditions of our initial assumptions,
the powver gain is Independent of the contrdller coll induc-
tance and the frequency and wéveshape of the input signal.
Equations (A-14) and (A-17) would be the basis of design

considerations for an ¥CD to be used to supply pover to a
resistive load. Sucﬁ a device would have several distinct
advantages over another common semiconductor device -- the
transistor. Vacuum tube type isolation is provided betveen the

input and output circuits, a feature which the transistor does
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not possess, Also, the manufacture of the resistode semicon-
ductor 1s less complex than the growth of multiple impurity
crystals needed for transistor‘fabrication. The main disad-
vantage of an MCD amplifier lies in the use of a magnetic
circuit. There will ultimately be iron 1ossés as the input
frequency increases and fringe losses will alwéys be present in
varying degrees. However, the advent of microminaturization
technigques may help in reducing these losses encountered when-

ever maghetic circuits are involved.

II. Proposed Operating Model of an MCD

There exist three major considerations in the eventual
success of any magnetoresistive control device,

(L) The resistode material must exhibit both a marked mag-
netoresistance effect and a relatively high resistivity.

(2) The geometry of the resistode should be that which
yields an optimum magnetoresistance effeét.

(3) There must exist an efficient mechanism for producing a
relatively high magnetic fieid in the resistode for a glven
amount of controller current.

The first requirement is met by InSb, although its resistivity
is not as high as that of some other semiconductors such as
Ge and Si. The optimum géometry of the resistode is a con-
figuration knowvn as a Corbino disc?' However, in our model,'we
shall use the next best which is an element of rectangular

shape. The third condition is usually the most difficult to
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meet. The obvlious solution is to use a ferromagnetic path of
lovw reluctance and a small gap in which to place the resistode,
It 1s seen from equation (A-3) that because of the reciprocal
relationship between the flux density and the gap width, the
gap becomes & very important factor in determining the flux
density developed in the resistode. Therefore, it would |
behoove us to find a method in vhich the gap could be made
extremely small. ©Such a method is provldéd by the art of thiﬁ

film technology. By vacuum depositing the device in layers,

resistode gap widths can be controlled to a great degree, The -

proposed device will be constructed by this technique.

Reference should now be made to Fig. A-8.

<
(3 QQQ

K]

(conTROLLE p.)

96,7 0,9559 % “. Ag CONTACTS)

S0 (IMSOLATIon) | (

ot
.“

Fig. A-8(a) SIDE VIEW, THIN FILM MCD
(NOT To ScALE)
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>
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(b) ToP view, THIN FILM McD (c) ToP View, RESISTODE

DETAIL . :

PICTORIAL DIRGRAM oF PROPOSED MeD (gm- To scm.e).
| Fig., A-8
In the figure A-8(a), all of the verticalldimensions are
extremely exaggerated, The thinnest part of the magnetic path
will be 1 mm and the silver'controller will be 1072 mm dr

10000 A in thickness. The resistode gap will be made 5000 A

thick with the resistode itself at 3000 A, protected by layers

of silicon monoxide insulation of thickness 100 A aplece,
Because of the thinness of the iron magnetic péth,
equation (A-3) cannot be assumed as the reluctance of certaln
parts of the paﬁh is appreciable. Instead, we must use
equation (A-2) directly. After some manipulation, we can

obtain the following expressions.
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(A-19) B = «rNde , Where /,’:.\ Le Ar Ur

8 Ar Lr Ae e + |

(8-20) Y= « :f’._,':’._.)l

/3 may be thought of as a magnetic circult quality factor which,
vhen large, 1s also nonlinear. Assuming a permeability at the
qulcscent point of 1Q0,000 and the stated dimensiohs, we
obtain B equal to 1.22 as compared to nearly unity for a very
good magnetic path. The value for the constant o€ will be
found empirically.by using values gilven by Welker and Weilss
for the magnetoresistance of inSb. Using their values of
f%% = 15 at B = 8700 gausses along with equation (A-1), one
obtains a value of 19.8 (we‘ber-/me)-2 foreC. Substitution of
these values of of and /3 into (1-20) ylelds 84.5 amp™2 for V.
Using 6+10° (onm - cm)-l'as a nominal value for the éon—
ductivity of InSb and the geometry shown in Fig. A-8(c), the
resistode resistance Ro, neglecting lead reslsﬁance, can be

determined to be 22.2 ohme. In a similar manner, using
-6 10
1.63-10 ~ ohm - cm as the resistivity of silver, the controller

resistance Rec becomes 0.0815 ohm,

We are now 1In a position to compute the power and voltage

.galn of the device. Let us choose our qulescent point with Ir

equal to 50 milliamperes and Ic equal to 100 milliamperes and

a load resistance such that the optimum power transfer condition
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exists, For voltage gain consliderations, we will neglect the
effects of contrcller 1nductance.‘ The value for maximum power
gain cén be found from equation (A-18) and is determined as
26.3 or 14,2 db, The voltage gain, as obtained from equation
(A-13), 1s 62.4 or 36 db. Therefore, this design is capable
of both power and voltage amplification for small signals.,

This example ﬁas not meant to be the best possible design,
but merely to indicate the féasibility of producing practical

‘magnetoresistance devices through the use of thin film tech-

nology. For instance, the resistode current in the model
discussed herein is much too high.to bé used without externally
cooling the device; however, improvehents in thé detail of the
design would overcome this difficulty. A patent applicatlon
concerning thin film magnetoresistive control devices has been
filed by the International Business Machines Corporation on

behalf of the author.




APPENDIX
NON-DESTRUCTIVE SENSING OF MAGNETIC STORAGE
IN DIGITAL COMPUTERS

In the past, the usual means of sampling the contents of
magnetic memory elements in modern digital computers haé been
to attempt changing the magnetlc polarizatlion of the element
through the mechanlism of an externally applied unidirectional
flelda. 1If the polarization of the element was in the same
direction as the applied fleld, no change 1n 1ts state would
take place. If the polarization of the memory device happen-
ed to be antiparallel to the directlion of the field, the
element would "switeh" thus producing a time variant flux which
would in turn produce a small voltage in a sense winding link-
ihg the fleld of the device. In this manner, the binary in-
telllgence stored In the element could be sampled; that is,
the lack of a voltage induced iIn the sense winding ﬁould repre-~
sent a'binary zero and'the presence of a sense voltage would
indicate a binary one. The principle drawback to this:method
is the fact that the information stored in a memory regilster
would be destroyed in the process. This reqﬁired that the
information be temporarily stored in an auxiliary register
(usually.flip-flops) and "re-written" back into the proper
memory storage reglster at a later time in the instruction
cycle. As a result, time is wasted by referring to the magnetic
memory twice in an Instruction cycle and error occurence 1s

made more probable due to the 1ncreased frequency of memory

disturbance.
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lost of the digital computers produced today use ferrite.
cores as the basic high speed magnetic memory storage element.
However, there has recently developed the possibility of using
thin ferromagnetic films with ihduced unlaxial anisotropy.as
computer storage elements. These films are produced in a
high vacuum environment by evaporation of a NiFe alloy onto a
polished glass surface. While the evaporation process is under
vay, a large magnetlc fleld, perhaps 100 oersteds, 1ls applied
orthogonal to the direction of travel of the NiFe molecules.
In thls way, the film crystalllizes with the magnetic moment of

1ts molecules oriented in a single direction. Also, because of

the thimess of the film, thermodynamic considerations demand

that the film be composed of nearly one entire domaln., These
films have extremely fast switching speeds (less than 20 milli-
microseconds) plus the fact that the flux path travels outside
the film én 1ts.closing loop, a fact that will be useful in
attempting to devise‘a means of sensing 1ts magnetic state.

Figure B-1 is an exaggérated side view of a magnetic film.

CROSS-SECTIONAL VIEW C©F A THIN
FERROMAGNETIC FILM (NCT TO SCALE)

Flg. B-1
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It is seen that the film has roughly the appearance of a bar

| magnet along with similar flux paths, Thus a static magnetic

fleld exists in the space outside the film whose direction
indicates the binary state of the film. |

It can now be quite easily seen that by properly placing
a Hall probe in this field, one could effect a means of non-
destructively‘sensing the state of the film'through the sign
of the Hall voltage produced. The only means of placing the
Hall probe would be through vecuum deposition techniques; and,
since 1t would be desirable to have the flux transverse to the
plahe of the probe to'effect maximum output, the optimum posi-
tion would be near one of the "poles" of the film,

HALL VOLTAGE

PICK-UP LNE'%«V\ | / SEMICONDUCTOR
PROBE AV /T Y/

'l

~N

FERROMAGUETIC

irfie A 1//7/7771 1 A
E:::I%wmre Live

SIDE VIEW

(a)
L T HALL VoLTAGE

o

PICK~UP LIMNES

PRL&BEE oT FERROMAGCVLET IS |
CURRE
: »-g./ FiLm
o.—__| ] I O
L}
)

-

WRITE '
LINE

(b) TOP VIEW

SIMPLIFVED DIAGRAM OF A THIN FILM MEMORY
CELL UTILIZING HALL EFFECT SENSING
Fig. B-2

e GEMICOUDULTOR

o— E.-oy
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Figure B-2 depicts a complete thin film memory cell, one
of many thousand which would exist in the high speed memory of
a digitai computer. The structure of the cell would coneist
of multiple layers of vacuum deposited films. For the sake of
simplicity, the 1nsu1at16n layers have not been shown in the

dlagrams, Let us now trace the function of each of the layers

4 individually. The write line, usually a2 film of silver or

another good conductor, is for the purpose of storing informa-
tioh 1n the NiFe fillm. Depending upon the direction of current
flow, it can be seen that the film will be polarized accord-
ingly. The semiconductor used to sense the state of the device
complétely‘envelops the ferromagnetic fllm. There exlsts a
very good reason for this éonstruction. The probe currenﬁ, or
read current, supplied to the Hall probe is of the same magni-
tude as the write cufrent; therefore, 1f the probe were only on
one side of the film, a strong field wbuld be applied transverse
to the dirsction of polarization of the NiFe fl1lm thus reduc-
ing the net flux passing through the area being sensed and
thereby reducing the magnitude of the Hall voltage produced,
However, the field produced by‘probe current flowing in the

same direction.in two layers equidistant‘from ihe NiFe film can
be seen to nearly cancel out leaving a net transverse fileld
close to zero. The two layer probe construction elso has the
added}advantage of providing four output terminals which can

be added to Increase the output slgnal or used separaﬁely to
feed other registers. As mentloned before, the sign of the

Hall voltage on the four output'terminais will indicate the
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directlion of polarization of the film and thus the intelligence
stored within, the direction and magnitude of the probe cur-
rent and the type impurity semiconductor beilng known and held

constant. The static magnetic flux density near the surface of

“the film has been found to be of the order of 500 gausses.”

Short duration probe currents of up to 3 amperes peak have
been sent through bismuth films with no 11l effects. Under
these conditions, a2 Hall output of the order of 100 millivolts
cquld be expected, more than enough to drive a transistor
sense amplifier,

Let us quickly énalyze the fuhction of this devicé during
a typlcal computer cycle. A register will conslst of several
of these elements with their probe current lines connected in
serles. The entire memory will be comprised of thousends of
registers. The Hall voltage pick-up lines from each element
in each register pass through "or" circuits to the same éense
amplifiers, their number being the same as the number of
elements in a memory register. It 1s assumed that the intelli-
génce in each register was placed there by the wrilte lines ét
some previous time. The desired register is selected by the
addressing matrix and a "read" pulse 1svsent along the probe
current line of the register. A pulse of Hall voltage, whose
polarity indicates the state of each element, is aent from
eaéh element in the reglister to an appropriate sense amplifier
end from there to an arithﬁetic register to be used, All
reading operations have occured without destroying the stored

informetion and no subséquent re-writing function is needed,
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This method promises to make possible faster and more
rellable digital compuﬁers, and will become a reality as the
art of thin film technology progresses, The_deéign proposed in
this appendix 1s covered in a patent application submitted to
the United States Patent Office by the International Business

Machlines Corporation on behalf of the author,
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APPENDIX C
MOTION OF AN ELECTRON IN A ONE-DIMENSIONAL
PERIODIC POTENTIAL-

In this appendix, we shall consider the motion of an
electron in a one dimensional perlodiec cryétal lattice. In
the vicinity of the lattice point, or atom, the electron will
see é potentlal fleld created by the assumed fixed nucleus plus .
an average fleld produced by the charge distribution of all
other electrons. Such a model 1ls known as the one electron

approximation and leads to results very close to the truth,

The normal procedure for finding the motion of the electron

would be to solve the Schroedinger equation (1-3) when the
function_V(x) 1s known. Almost always, however, the functional
relation for V(x) is néver known and if it is known, it usually
leads to a non-linear Schroedinger equation which cannot be
solved in élosed form. On the other hand, if we can approxi-
mate the potential distribution by a staircase function, we -
will see that a set of linear, homogenous, Schroedinger
equations result which can be‘handied by siﬁple and well known
methods. We shall therefore take for our model of the poten-

t1al funétion the distribution shown in Fig. C-1.
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It 1s séen that this potential distribution is perlodic in
"a", the lattice constant; thet is,

(C-1) V(X)) = V(X+a)
The Schroedinger equation in one dimension is,

4
(c-2) @*+ %"’{- [e-—Y(x)] y =0, where ¢/ = d:(x"

The aﬁove model consists of a series of constant potential
lévels, the number of which, and the magnitude'and width of

each being selected to yleld the closest fit to the actual
potential function. The resultant wave motion of an eleétron
moving in this distribution can be described by a set of linear,
second degree Schroedinger equations with constant coefficlents
and right-hahd side equal to zero, each holding over a partic-

ular domain of definition.
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(¢-3) ¢ + _2%“5‘- (E-V)Y. =0 Xe < X <X,
g+ 2 (e-wW§ =o Xe LX< X
v o+ E{}(E—-Yz)‘l';=o X2 < X< Xa
'P: + ?—iﬂ{ (.E“VV‘)\P'\:'O Xn < X< Kner
Vo + 22 (E=Von) P =0 XX & dne

To simplify the notation, we will introduce the following

' ¢definition:

.(0-4) OC}— = % (E-Vl) ) J = 0,L,23,3, ¢ n N+

Because of the periodicity of the 1attice, “the solution in
each reglion will be given by the Bloch Theorem; that 1s,

(kx
(c-5) ¢¥; = € ;0 , () = 4j(x+a) |  X;<X< Xim

Taking the Schroedinger equation for the jth poteritial reglion
as,
(c-6) q’j” + o(: ('PJ =0 , Xy < X< Xja

and substituting (C-5), we arrive at another set of linear,

homogenous, differential equations,

(c-7) .aj" + c?.ik/,(j’ +(o(3"-K‘) Ay =0 , % <XLXjm
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The general solution for (C-7) by either Laplace tranasforms or

the D-operator method 1is,

(c-8) u; = A;j exr(i (i -x)x} + B; exp r_——l (o + k)x] )
X; € X € Xjau ‘

It will again be convenlent to simplify the notation by defin-
ing the following functions.

(C-9) ¥ = éxp[é (o -K)x] , )= exp [—i. (o(5+k)x_]‘
Xj £ X < Xjas

Therefore (C-8) becomes,

(c-10) i = A GK) + By R, X <XK X

Let us now reflect for a moment upon what has been done,

Equation (C-10) represents the general solution for the function
u in each constant potential region. The overall solution for
the wave functionq' will be of the form:
‘Po, Yo <X ¥ _ "t Yo € X & Xu
Yo, % (3(()(; ikx | 4, X&xX<
(c-11) ¥ = : = e g ’

P, Xn <X L Yo Mo, Xon X € Xonas

YM.) x“« (x <x‘01 ‘ ﬂ'\fl‘ an <‘ ( x‘*"

In other words, the overall wave function ¢ will be made up of
the segments ¥; each defined over a constant potential region.
However, 1f the wave function of an electron is to be similar
to other wave functions 1n('natur:e,r am.lvthere is no‘reason why

it should not be, then the overall wave functlon ¥ must be
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plecewise continuous, Thls means that at the boundary of
each potentlal region, ¥ and its derivative must be éontinuous.
From the Bloch Theorem, it can be seen that u has the same
continuity requirements as ¥ . Therefore, at the J)th boundary,

we may write,

'

(C-12) 4= () = 4 (%) , J= 1,2, N , &n (Xeta) = Lo ()
,ujl... ) = DY) BN Nl CPRETR Ln (%o +a) LD

The equatlons on the right 1nd;cate the boundary conditions at
the end of the period. Imposing these boundary conditions on
(C-10), we may determine the constants Aj, B;, which will
satisfy the boundary cdnditions and make Y pilecewise smooth

and continuous,

(C-13)  Apr - () # Bimt Q%) — A% (6) - B; G (X;) = 0
Ayt X)- (ﬁg\ +Bj- CP;-I (X;\ Ay X3 (Y)) B, ?) (X)) =0

j=l23."n

As % (xo) + B ‘P (‘0) - An &n (x°+4) "Bn?n (XO+¢) =0
Ao KO(XO) + B, ‘Po (XOB ~ An ‘n(erd) Bn CPn (Xd-o.) =0 |

It can be seen that (C-13) lesds to 2(n+l) linear algebralc
equations in 2(n+l) unknovns, We can, therefore, determine
each coefficient Aj, B;, by familiar matrix operations and
finally arrive at the overall 4 function? We may now recall
that there exists a relation between the energy and momentum

of a classical particle; viz.,
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(C-lli-) E = _!; ) V=0

From the de Broglie hypothesis (1-2),K==-{E we have for (c-14),

(c-15) E= R K

2m
We must now remember that our solution fér ¢ contailns the
constant oL wvhich 1s proportional to VE' and also the constant
k, which is the wave Vector. However, 1f we choose values of -
E and k that satisfy (C-15) and substitute them into our
general éolution for ¥, we will find that for certain.values
of energy, the solution for ¥ will 1nd1caté that there is no
probability at all that an electron will possess these values
of E and k simultaneously. This means that there are dertain
energy values that would be forbidden to the electron. Thére-
fore, instead of attempting to solve for all the coefficlents
Ais By, which 1s a lengthy process, it would behoove us to
find E as a function of k for the purpcse of determining the
electron enérgies that are allowed and fbrbidden. This
relation can be found by setting tﬁe determinant of the
coefficients Aj, Bj, equal to zero as must be done if Aj;, Bj,
themselves are to be non-zero. Instead of attempting to
deplct a determlinant of order 2(n+1), we will coln a new
terminology expressly for this purpose. Let the determinant

of the coefficients equal to zero be written




C

A ¥in (6) + By B () = A 4 () — By ¢, (X;)

(c-16) pETd M G- (6) + Bi- BLY—A; ¥ (6 ~B; PI(x)
j=1 AcYe (X) + Bo cg.(x,) — Aw ¥n (X.m) - Bufa (Xd'a).

Aol () + Bo @ (X) — A ¥n (tetd) = Bn B (to+a)

=0

wvhere n is one less than the number of constant potential
regions. The result of (C-16) is the relatibnship bétween
the energy of the particle and its momentum. This relation-
ship also leads to the Erillouinfzones, which are those
regions of momentum space in which ths energy is a continuous
function of the momentum. Through the use of modern digital
computer techniques, (C-16) can be solved for any reasonable
number of approximating potentlial levels and the Brillouin
zones combuted to a corresponding degree of éccuracy. This
method should also reduce to closed fo'rm in the'limit. for
approximations to potential functions which are known to
yield an analytic form of Schroedinger's equation, for example,
V() =Vo sim X, the limit being taken as Xy —-%Xj —>» 0, |
Vi— Vo sm¥j, n—>o0 . ‘

In order to gain a better appreciation of the energy-
momentum relationship, let us examine a special case of our

model, the well known Kronig - Penney model shown in Fig, C-2,

o e, e
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Y
Vi =V
E <V,
=)
. o) ¢
Yo=0 Ve=0

Xo=0

KRONIG~-PENNEY MODEL
Fig. C-2

Application of (C-16) and the boundary conditions (C-12) to

Xiza Xa= a4+h

the model shown in Fig. C-2 results in the following -

determinant.
(c-17)
Ao B. A
(s ~X)a -i (e tK)a i(ai-K)q
e e -
i ‘ et’&: -K)(a+s)
1 o~K -(.. '-u-
i (-K) ef‘" " —i(xr)e (“'“)é -i(.(.-x)ef( e
‘ ‘ (. - K)(ath)
{(ots—K) —{ (oK) -i@rﬂé@ )

¢

B,

- ‘u-l-ﬂ@
4

& (i +K){a+b)
€
é ("M)e-‘.(‘lf")q

. - ¢ fu+k)(ash)
{ (dl ”‘k) t’.‘

i

After considerable manipulation, the solution to (C-17) can

-85~




"Jf"k

be showvn to be:

(C-18) = (ot®+ut2)

simab smdoa 4 cosab cosaea = cos k{afb)
2 o o,

In order to arrive at a more workable form, we shall appiy a
Dirac 1limit to (C-18); that 1s, we will let V—’»oo ahd b—o ,
while keepling the product Vb constant. It is well to remember
that, as V 1s greater than E, o 1s complex and the sinusoids
become hyperbolic functions so that a 1limit is pessible, Upon
this action, (C-18) resolves to

(0_19) %Vb
R e

SiNasd + COS e = coska

Equations (C-18) and (C-19) yleld the desired relationship
between E and k for the model depicted‘ in Fig. C-2, since both
< 2nd & contaln the energy E. In order to display the
discontinuous and periodic nature of this relatlonship, let. us
make the following analysls. We can defline the constant

P= _’Y_\_f\:i*iﬁ_ , thus making (C-19)
(c-20) P 51’.“&2‘_‘-‘?-“— 4+ oS &Xed = coska

o

The plot of the left hand side of (C-20) 1s given below.
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PLOT OF EQUATION (C-20) (LEFT HAND SIDE)

Fig. C-3

Since the ordinate is equal to cos ka, it is guite obvious

that real solutions exlist only between plus and minus one.
Since o is propdrtional to {£' , the darkened portions of

Fig. C-3 are the allowed energy regions. It is further seen
that the energy range is continuous over all values of k

except at K='—'3%.r , n=4,2,3,... . From Fig. C-3, it is
apparent that the allowed regions, or bands, become wider for
increasing energy and thinner for increasing P, the constant
which 1s a measure of the potential barrier area, Vb.‘ Equation

. <:) (C-20) can be solved numerically for the energy-wave vector
¥ .

g
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C relationshlp. Thils relationship 1s 1llustrated by Fig. C-4,
g ~ In Fig. C-4(a), it i1s clear that the quantum mechanical
‘ energy-mnomentum function approaches the classical Hamiltohian
given by equation (C-15). Because the energy-mbmentum
function of the electron 1s multivalued, as indicated by
Fig. C-3, a plot of the relationship over only its principle
1 | values is given in Fig. C-4(b).

AE

VSV& |

o

- G S R AR ES T GL Gk WD A Ee G O G e e e o Ee
—— e - - - - . T e ol e

>
N

| EiRsT FIRSTY

-

e

.,’LL e e e e e e

: ::II-L'OU'” sRiLouiv z
| b VE #ong 1
| 3 T s = :
| ¢ * * ) )

E V5. K 1N A oNe Dmsustbnn\. CRYSTAL. LATTICE

Fig. C-4(a)

-88-




7

7

' THARD
BRILLOVIN
ZONE
(REDUCED)

SECOND
BRILL-OUIN
Zove

|

{

|

(REDUCE D) | L
|

| FiRsy BRILLOVIN) -
FONE

£ v6. K PLOTTED OVER PRINCIPLE VALUES
oF K (REDUCED K-gpace)

Fig. C-4(b)

Figure C-4 presents a very important relationship in solid
state physics. The Brillouin zones, or allowed energy'regions :
in k or momentum space, also define the energy bands. The

curves represent the relationship between the energy and

momentum of an electron moving in a periodic crystal lattice,
In appendix D; several uses shall be made of Fig., C-3 111
describing the subtle concept of effective mass and the

existence of holes.

It should be pointed out that although the one dimensional




y C

model predicts a great many qualitative électronié processes
in so0lid materlals, it does not reveal some of the more

unusual phenomenon such as the overlapping of energy bands,

"To fully describe the behavior of electronic motion in periodic

structures, one needs to use a three dimensional model and

there are several excellent revliews on thls subject in the

. .
literature.

|
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|
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APPENDIX D
- O EFFECTIVE MASS AND THE EXISTENCE OF HOLES

Because of the new relatlionship between energy énd momen-
| tum fdund in Appendix C, one could exﬁect that we ﬁill have to
% change our concept of the mass of a particle moving in a
| Brillouin zone or an energy band. The derivatlon of this new

concept, called the effective mass, will be useful as we can

then show the existence of holes and retain, in a modified

form, some of the operations of classical mechanlics. For the

sake of completeness, we shall derive the efféctive mass first
for the three dimenslonal case and then adapt it to our one
dinensional modél.
In reality,ithe particle 1s essentially a wave packet
A,(:) moving with a group velocityz. The usual equation represent-

ing the group veloclty of a wave 1is,
(D-1) O = grady w

where grady 1s the gradient in k or momentum space and & is

the angular velocity of the de Broglle wave., It 1is well to
remember at this point that the wavé vector k is also inversely
proportional to the wavelength of the de Broglle wave, 8o

that an intuitive grasp of equation (D-1) is possible, Ve

now recall that the two baslic equations expressing the

de Broglie hypothesls are,

(D-2) E= Lo = Rhw

-
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vhere E 1s the energy of the particle and Z its frequency,

@3 p= W) = Rk .

‘where p 1s the momentum of the particle and A\ 1ts wavelength,

Upon substituting (D-2) into (D-1), we find,

(D-4) o = -‘ﬁ- grady E

Now, in an external force fleld, the electron will change its

momentum according to Newton's Second Law,

0-5) F = 42 = } 4k
at a4t

To the definition of the directional derivative for an infin-

itesimal change in the energy in the directlon of the change

in momentum or wave vector; viz.,
(D-6) AE = gradyE -dK

ve apply the time derivatlive and arrive at

e — Y .

From the definition of acceleratlon, we have,

—

(0-8) & = 4V = A gra dy dE

At g At

Combining (D-8) with (D-7) and (D-5), we finally have
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(D-9) & = ".\;\":. grady (gro.ik EvaF)

We can now draw an analogy between (D-9) and the familiar

equation of classical mechanics, F =Wmad , if we define the

following operator as the reciprocal of ihe effective maés, m¥*,

(D-10) ;:-\-,; = -.17\—;' grady grady E

Equation (D-10) is usually called the effective mass tensor

because of its directional properties, 1In one dimensional k

space, it is only a matter of quite simple manipulation of the

gradient operator to show that

. Jate
(D-11) m* = ﬁ/ik‘

In an actual cubic crystal, such as germanium, it 1s knowvn that

the equi-energy surfaces near the top and bottom of the

Brillouin zones are spherical, Converting all the quantities
to spherical co-ordinates in (D-9), it is again easy to show
thét the effective mass is of the form (D-11), but this time
k is the radius vector in k space.,

Let us now examine the properties of particle veloclity
and mass in a one dimenslonel crystal using the results of

Appendix C,

-93-




- K

et

.E‘

kS _uTu

...... /

E, v, m¥ vERSus k (REDUCED)

Fiso D"l




One Brillouin zone is plotted in Figure D-1(a). From equations
(D-4) and (D-11), Figures D-1(b) and D-1l(c), respectively, |
are deduced. It 1s seen that the behavior.of an electron in

a solid is completely different than fdr a classical particle,
For one thing, as the electron increases its energy of moves
higher in the energy band, its velocity decreases -- an im- |
possible occurence in classical mechanlies, Moreover, and this
is really remarkable, the effective mass of the electron
becomes infinlite at the middle of the.band and pnegative near
the top. ©Since the concept of negative mass is distasteful to
most people, the explanation commonly given 1is that a negatively
charged particle with negative mass behaves electrodynamically
as a positively charged particle with positive mass. This can
be demonstrated by a simple exercise. Consider the following

classical equation for the acceleration of a charged particle

3
in an electric field: _

(p-12) T = % y

veam——

For an electron in an energy band, (D-12) becomes modified in

accordance with (D-9),

(D-IB) KL - C'e)ig
wm ¥

(D-13) is obvious because a négatively charged particle is

accelerated in a direction opposite to that of the applied field.

Suppose the effective mass was negative, then:
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Tt T
or an electron with negative mass behaves as a hole., Physi-
cally, the situation 1s this: an electron which leaves the
upper part of an energy band creates a particle which, in all
respects, behaves electrodynamically as a positive charge wiﬁh
positive mass., Thils fact therefore expléins the anomalous
Hall effect in which the‘number of holes available for con-
duction 1s greater than the number of electrons. Also it can
now be seen vhy electron conéuction takes place in the bottom
of the conductlon band and hole conduction takes place near
the top of the valence band, ‘

In concluéion, it may be well to answer a question that
might arise in the reader's mind. If the effective mass of an
electron approaches infinity near thé middle of the band, how
1s 1t that electrons can escape from the conduction band and

indeed from the surface of the so0lid? The answer 1s that the

model considered in Appendix C was concerned only with electrons

having energies less than the maximum height of the potential
distribution. The bottom of the conduction band lies Jjust

below this level and electrons driven to energles just above

the bottom of the band are therefore essentially free and
begin to behave as classlcal partlcles. However, a hole will
always be bound to some degree and its average effective mass

will be greater than that of the electrons. Therefore, this is
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a partial explanation of why holes are less mobile than
electrons and why the Hall effect is usually less for P type
materlials with the same lmpurlty concentration as the corre-

sponding N type.
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